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Abstract 

The half-joint beams or dapped end beams have useful applications as it provides 
the possibility to reduce the thickness of precast concrete structures. An easy and 
innovative method was used to inspect half joint structure under monotonic and 
repeated loads. A model of reinforced concrete half joint supports I-beam steel 
section was carried out for testing. It is important to study the effect of repeated 
loads on the structures because they lead to the collapse of the structure due to 
the resulting displacement accumulation.  Four specimens of reinforced concrete 

were prepared, representing the models of half a joint. Two samples were 
examined under the influence of monotonic loads, and the others under the effect 
of repeated loads. The results were compared with the equations suggested by the 
Precast/Prestressed Concrete Institute (PCI) equations, as well as the results of 
the Strut & Tie method. The practical tests showed good agreement with strut 
and Tie method results while PCI equations giving underestimate results. The 
investigation of the test shows that the initial cracks appear at 45 degrees 
approximately at a load between 10-17% for monotonic load and about 7% for 

the repeated load. More value of ledge displacement under repeated load than 
monotonic load was registered; this is due to the continuing and accumulating of 
the strain increasing in both upper and lower steel reinforcement. The stiffener in 
the I beam carried stresses more than the web, both giving elastic behaviors in 
the range of the ledge failure load. 

Keywords: Dapped end beam, Half joint beam, Monotonic load, Reinforced 
concrete ledge, Repeated load. 
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1. Introduction 

A reinforced concrete (RC) half-joint (sometimes referred to as dapped end) is a 

particular type of support detail where an L-shaped ledge nib supports an inverted 
ledge of a drop-in span [1] (see Fig. 1). It reduces construction depth with a level 

running surface along the bridge deck and the support spans. Precast half-joint 

suspended spans can be lifted directly onto supporting beams, facilitating the 

construction process [2].  

The half joint is widely used worldwide, only within the existing UK's 

Highways; there are over four hundred concrete bridges containing half joints [3]. 

Half joint details have come under scrutiny after the failure of a part of the de la 

Concorde Overpass in Quebec, Canada [4]. Five people were killed, and six others 

are injured [5]. Thus, a key challenge is to understand the inherent vulnerabilities 

in half-joint structures.  

The flow of internal stresses is interrupted by the sudden change in geometry, 

non-uniform stress distribution zones (disturbance inflow) caused close to the re-

entrant corner and in the nib. Heavy stress intensity re-entrant corner due to the 

high bearing reaction and sudden geometry changes. The traditional design 

methods are not adequate for designing dapped end beams due to the stress flow 

complexity. There are two main approaches to develop the dapped ends, which are 

the shear-friction (PCI) method or the strut and tie (STM) modelling [6]. 

 

Fig. 1. Typical half-joint geometry. 

Historically dapped ended beams have been designed with various detailing and 
analytical approaches. Reynolds [7] developed suitable reinforcement details by 

evolving a design procedure for dapped-end members. He suggested some detailing 

guidelines for dapped end members. Sargious and Tadros [8] presented a research 

work in which they used Finite Element Analysis to determine the behavior and 

strength of dapped-end beams. 

One of the initial researches in this field was done by Mattock and Chan [9]. 

They proposed that the dapped end can be designed as an inverted corbel, similar 

to Mattock's design suggestion [10]. The difference was that a hanger 

reinforcement is needed to develop a tension force to withstand the inclined 

compressive strength of concrete in the dap. They addressed that the first crack 

occurred at the re-entrant corner at about 20% of failure load. Then, cracking 

developed at approximately 45 deg. to the horizontal. Besides, they found that in 
most tests, the longitudinal reinforcement of nib yielded at the range of (70-95) 

percentage of the maximum load. Based on the test results, they proposed what so-

called "shear friction" design procedure. This design approach was adopted by the 

PCI institute then by the ACI 318 code provided that a/d <1.0. 
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Nafadi [11] undertook a comprehensive testing program with the goal of providing 

design standards for the ledges of L-shaped beams. The ledge design process supplied 

in the seventh edition of the PCI design manual may overestimate the ledge capacity 

even with low levels of global stress, according to research findings. 

Desnerck et al. [12, 13] compared the experiments performed on 12 half-joint 

beams with different strut-and-tie models (STMs) and the application of STMs to 

achieve the highest lower bound estimate of the load-carrying capacity. For the 

beams studied the tests show that, the predictions based on codes and standards, 

combined with appropriate methods to incorporate deterioration effects, led to safe 

load bearing capacity estimates. 

Concrete structures such as multi-story buildings and highway bridges are subject 

to repeated loads. Studying such loads is necessary because they lead to the collapse 

of the structure due to the accumulation of the resulting displacements [14].  

It can be seen that no one include the effect of repeated load on the behavior of 

the half joint ledge. Therefore, the main objectives of this study are to investigate the 

ledge behavior and the ultimate failure loads under monotonic and repeated loads. 

2. Experimental Works 

Experimental tests are carried out in the laboratory of the Civil Engineering 

Department of the University of Mosul. A model simulating the joint is made using 

I beam steel section based on the reinforced concrete ledge by an elastomeric 

bearing pad. Figure 2 shows the collaborative model details.  

During this research, the study of the behavior of joints is based upon four RC 

specimens. All the samples have dimensions shown in Fig. 2 with a length of 700 

mm and concrete compressive strength equal to (28 MPa) at the age of 28 days.  

All reinforced concrete specimens are reinforced by ∅12 and ∅ 10 mm, as shown 

in Fig. 3, to give a clear concrete cover (25 mm). 

 

Fig. 2. Model of joint details. 
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Fig. 3. Specimen reinforcement details. 

A six-layer elastomeric bearing pad is used in the model with a 100*200 mm and 
63 mm height dimension. The I beam steel section dimensions can be shown in Fig. 

4, fabricated by an 8 mm steel plate for the flange and 5 mm for the web and stiffener.  

Four linear variable differential transformers (LVDT) are used in a specified 

location to measure the movement under loading, two of them for the concrete 

specimens to find the deflection beneath the ledge, and the others are for the I beam 

section to see the buckling and deflection as shown in Fig. 5. 

Four strain gauges are used; two of them are fixed on ∅12 middle ledge stirrups 

in the top and bottom near the hanger's face, as shown in Fig. 6. The other two are 

set on the stiffener and the web of the I steel beam section. 

 
 

Fig. 4. I beam steel section 

dimension. 
Fig. 5. Locations of LVDTs 
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Fig. 6. Locations of strain gages in steel reinforcement. 

For laboratory testing and to facilitate the fixation of the model, the load was 

placed horizontally. Figures 7 and 8 show that the rig consists of lateral support 

working as a base of 100 tons hydraulic jack. The load cell is located between the 

jack and the loading steel pad, which transmit the load directly on the I steel beam. 
The Load cell, LVDTs, and strain gauges are connected to data logger TDS-530, 

as shown in Fig. 9, to record all the data simultaneously along the tests' period. The 

reinforced concrete specimens were fixed by a steel device consisting of 20 mm 

steel strips connecting around the holder part of the RC specimen and then 

connected with a steel base beneath the specimen, as shown in Fig. 10. The six ∅25 

mm bars are inserted in the holder of the reinforced concrete specimen to prevent 

the whole specimen's movement from moving in the direction of the load 

 
Fig. 7. Testing rig details. 

 

Fig. 8. Testing rig. 
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Fig. 9. Data logger TDS 530. 

 

Fig. 10. Steel fixation device. 

3.  Materials Properties 

All specimens were cast using ordinary Portland cement (type 1) of Badush factory 

in Nineveh governorate. The cement was kept in a dried place to avoid the 

atmospheric effect. The physical and chemical properties were tested and found to 

meet the IQS standard as illustrated in Tables 1 and 2.  

Table 1. Physical properties of cement. 

No. Characteristics Units Value 
Specification 

(IQS:5/2016) 

1 Standard Consistency w/c - 0.31  

2 Initial setting Minutes 120 ≥ 45 

3 Final setting Minutes 240 ≤ 600 

4 Compressive strength (3 days) MPa 22.6 ≥ 15 

5 Compressive strength (7 days) MPa 31.7 ≥ 23 

6 Fineness (sieve no. 170) % 4 
≤ 10 

(IS:12269) 

20 mm steel 

plate 

RC specimen 

6∅25 bars  

LVDT 

holder 

10 steel bolts  

Lifting hook 
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Table 2. Chemical properties of cement. 

Chemical 

Components 
Value% 

Specification 

(IQS:5/1984) 

Chemical 

Components 
Value% 

SiO2 20.76 - C3S 39.65 
AL2O3 4.8 - C2S 29.61 
Fe2O3 3.51 - C3A 6.79 
CaO 60.51 - C4AF 10.68 
MgO 2.95 ≤ 5 L.S.F 88.99 

SO3 2.32 ≤ 2.5 
Solid      

Solution 
16.06 

Free Lime 1.23 -   
Loss on ignition 2.94 ≤ 4   
Insoluble residue 0.7 ≤ 1.5   

Total 99.72 -   

Local river sand from the Kanhash site near Mosul city was used as a fine 

aggregate. The grading of the fine aggregate conforms to the IQS:45/2010 Zone 2, 

as shown in Table 3. The fineness modulus, specific gravity and volumetric density 

are 2.96, 2.6 and 1885 kg, respectively. 

Local river rounded gravel from Kanhash site near Mosul city was used as a 

coarse aggregate. Chose the maximum aggregate size of 14 mm to account for the 

specimen dimensions. The grading of the gravel conforms to the IQS:45/2010, as 

shown in Table 4. The specific gravity and volumetric density are 2.64 and 1636 

kg, respectively. Potable water was used for mixing concrete. 

Table 3. Grading of fine aggregate. 

Sieve Size (mm) Passing % Passing% Zone 2 Limits (IQS:45/2016) 

4.75 90 90-100 
2.36 77 75-100 
1.18 69 55-90 
0.6 53 35-59 
0.3 12 8-30 

0.15 4 0-10 

Table 4. Grading of coarse aggregate. 

Sieve Size (mm) Passing % Passing% Limits (IQS:45/2016) 

20 100 100 

14 90 90-100 
10 51 50-85 
5 2 0-10 

Values for yield stress and ultimate strength for steel bars are given in Table 5. 

Properties of steel reinforcement conformed to ASTM A615/A615M-01b Grade 

60(420 MPa). The steel plates used to fabricate the I beam were tested and are 

summarized in Table 6.   

Table 5. Yield stresses and ultimate strengths of steel reinforcement. 

Bar Diameter 

(mm) 

Yield Stress 

(MPa) 

Ultimate Strength 

(MPa) 

Elongation 

10 467 656 20.9% 

12 463 696 21.2% 
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Table 6. Yield stresses and ultimate strengths of steel plates. 

Plate thickness (mm) 
Yield Stress 

N/mm2 (MPa) 

Ultimate Strength  

N/mm2 (MPa) 
Elongation 

5 281.3 346.9 32% 
8 280.6 352.7 47.7% 

4. Repeated Load: 

The repeated load can be defined as a cycle of loads varying between zero and peak 

loads value affecting the same direction [15]. In this study, the peaks of loads are 

incrementally increased for each cycle by a certain amount. 

The repeated loads were applied in this study are starting from 10 kN peak for 

the first load cycle and continue increasing 10 kN for each cycle up to 100 kN load; 

at this loading stage, the increment of load cycle peak is increased to 25 kN until 

the failure of the specimen as shown in Fig. 11. 

 

Fig. 11. Repeated loads pattern. 

5. Strut and Tie method 

Strut and Tie Method can represent the protrusion threshold through the model 
shown in Fig. 12. The length of the protrusion to its height equals 1, which makes 

the inspection area in the model a D-region discontinuity region [16]. 

      

Fig. 12. Strut and tie model. 
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To calculate the load P, which represents the maximum load that the 

cantilevered sill can bear, the upper steel reinforcement (9∅12) force is calculated, 

which represents the tensile strength Tie through the equation below: 

𝐹𝑜𝑟𝑐𝑒 𝑖𝑛 𝑇𝑖𝑒 = 𝐴𝑠 ∗ 𝐹𝑦 = 9 ∗ 113 ∗ 467 = 470871 𝑁                                            (1) 

The tie width will be 

𝑊𝑡𝑖𝑒 = 12 + (2 ∗ 25) = 62 𝑚𝑚                                                                             (2) 

∅𝐹𝐶𝑒 = ∅ ∗ 0.85 ∗ 𝛽𝑛 ∗ 𝑓′𝑐=0.75*.85*0.8*28=14.28 N /mm2                             (3) 

𝐹𝑛𝑡 = ∅𝐹𝐶𝑒 ∗ 𝑏𝑠 ∗ 𝑊𝑡𝑖𝑒 = 14.28 ∗ 700 ∗ 62 = 619752 N                                    (4) 

The value is 0.8 considering that the node area classification is (C-C-T), and 

that 𝑏𝑠is the width of the model. Therefore, the lower value of the two equations is 

governed. The value of the angle between tensile and compressive strength, 

concerning Figs. 12, is 30. Accordingly, equilibrium equations can be used giving 

P=272 kN, 

6. PCI ledge design 

PCI Design Handbook [17] recommended in the section 5.5 equations [5.44] 

through [5.47] to design shear strength of continuous beam ledges supporting 

concentrated loads as follows:  

For 𝑠 > 𝑏𝑡 + ℎℓ, use the lesser of equations 3 and 4  

∅𝑉𝑛 = 3∅𝜆√𝑓′𝑐ℎℓ[2(𝑏ℓ − 𝑏) + 𝑏𝑡 + ℎℓ]                      [PCI 5.44]                    (5) 

∅𝑉𝑛 = 3∅𝜆√𝑓′𝑐ℎℓ[2(𝑏ℓ − 𝑏) + 𝑏𝑡 + ℎℓ + 2𝑑𝑒]           [PCI 5.45]                    (6) 

For 𝑠 < 𝑏𝑡 + ℎℓ, use the lesser of equations 4 and 5  

∅𝑉𝑛 = 1.5∅𝜆√𝑓′𝑐ℎℓ[2(𝑏ℓ − 𝑏) + 𝑏𝑡 + ℎℓ + 𝑠]            [PCI 5.46]                   (7) 

∅𝑉𝑛 = ∅𝜆√𝑓′𝑐ℎℓ [(𝑏ℓ − 𝑏) + (
𝑏𝑡+ℎℓ

2
) + 𝑑𝑒 + 𝑠]          [PCI 5.47]                   (8) 

Transverse (cantilever) bending of the ledge requires flexural reinforcement 

computed by Eq. [PCI 5.49]. Such reinforcement may be uniformly spaced over 

a width of 6ℎℓ on either side of the bearing but not to exceed half the distance to 

the next load 

𝐴𝑠 =
1

∅𝑓𝑦
[𝑉𝑢 (

𝑎

𝑑
) + 𝑁𝑢 (

ℎℓ

𝑑
)]                                           [PCI 5.49]                   (9) 

In our case ℎℓ= 250 mm = 9.84 in; 𝑏= 150 mm = 5.9 in, 𝑏ℓ= 400 mm= 15.7 in; 

𝑏𝑡= 200 mm= 7.87 in, 𝑠= 891 mm= 35 in;  𝑑𝑒=350 mm= 13.78 in, 𝑎= 125 mm= 

4.92 in;  𝑑 =219 mm= 8.62 in, 𝑓′𝑐= 28 N/mm2 = 4061 psi ; 𝑓𝑦 =463 N/mm2 = 67135 

psi, and 𝑁𝑢= Zero as assumed in this study 

Since 𝑏𝑡 + ℎℓ < 𝑠  that is mean equation [PCI 5.44] and [PCI 5.45] will be 

applicable. First equation giving 313 kN, while the second one was giving 181.4 
kN. The cantilever flexural reinforcement using equation [PCI 5.49]  is 223 mm2 

should be distributed on the distance S, which is 891 mm. 
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7. Results and discussion: 

Figure 13 compares the load-deflection curves of monotonic load tests M1 and M2; 

the test M1 behaves stiffer and fails with the lower deflection value. An 
examination of the load-deflection curve reveals that the ledge behaves sensibly 

elastically before initial cracking. 

Figure 13 also illustrates the predicate ultimate failure load for PCI equations 

and Strut & Tie method. Table 7 summarize Initial cracks, failure loads, and 

maximum deflection of the tested specimens. Figure 14 shows the load-deflection 

curves of repeated load tests R1 and R2 tests. Figure 15 illustrates the crack pattern 

of all tests. The crack pattern of all tests seems to be similar in the general figure 

but, the failure crack in monotonic load starts at 45 degrees (same as noted by 

Mattock and Chan [9]) from the re-entrant and go horizontally while in the repeated 

tests the crack extended more to go upward and inclined with 45 degrees in the 

direction of the applied load. The initial cracks occurred at a load between 10 and 
50 kN, as shown in Table 7. The initial cracks that appear at repeated tests are 

relatively lower than monotonic tests. More deflection is recorded in the repeated 

load tests in comparison to the monotonic ones. This is due to the accumulation of 

displacement during the loading period.   

Table 7. Initial cracks, failure loads and  

max. deflection of the tested specimens. 

Sample No. Loading Type Pcrack (kN) Pmax (kN) dpeak (mm) 

M1 Monotonic 50 290.5 15.2 

M2 Monotonic 30 299.2 26.8 

R1 Repeated 10 282.3 21.3 

R2 Repeated 20 303 32.8 

Table 8 compares experimental failure loads with PCI equations and the Strut 

& Tie method expected failure load. The PCI recommends using the lower value 

of Equations 5.44 & 5.45, which is 181.4 kN. The difference between the PCI 
predicated value and experimental one may be due to the high quantity of flexure 

reinforcement in the specimen equal 9∅12=1017 mm2, which is much more than 

recommended by PCI equation 5.49, which is equal to 223 mm2, or due to the 

absence of stresses in the normal direction in our case in comparison of PCI 

equation which is derived for L-beam ledges. The Strut & Tie method gives a 

convenient and good estimation of the failure load. 

Figure 16 illustrates the strain in the I beam web against applied load for tests 

M1 and M2. The figures show pure elastic behavior. Both tests curve almost 

coincide with each other. The ultimate strains were (-1091*10-6 ) and (-1099*10-

6 )  for the M1 and M2, respectively.  

Figure 17 shows the strain in the I beam stiffener for both tests M1&M2. The 

curves give an excellent agreement, and a small difference was noticed after 235 

kN applied load. The maximum strains were (-1603*10-6 ) and (-1613*10-6 )  for 

the M1 and M2, respectively. The curves clearly show that the stiffener carries 

stresses more than the web. 
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Fig. 13. Load deflection curve of monotonic  

load tests compared with different methods. 

 

Fig. 14. Load deflection curve of repeated load tests. 

 

Fig. 15. Crack patterns of the tests. 

a) 1st  

Monotonic Test 

b) 2nd 

Monotonic Test 

c) 1st  

Repeated Test 

d) 2nd 

Repeated Test 
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Table 8. Experimental Failure loads compared with  

a different method for reinforced concrete of half joint. 

Sample 

No. 

Loading 

Type 

Pmax (kN) 

Experimental 
Strut 

& Tie 

Equation 

(PCI 5.44) 

Equation 

(PCI 5.45) 

M1 Monotonic 290.5 272 313 181.4 

M2 Monotonic 299.2 272 313 181.4 

 

Fig. 16. Load strain for I beam web. 

 

Fig. 17. Load strain for I beam stiffener. 

Figures 18 and 19 shows the strain development in the middle section of the 

ledge under different applied loads steps for monotonic and repeated loads for tests 

M2 and R2. The strain at the bottom steel reaches approximately zero under 250 

kN load for both tests. Obviously, the increasing of repeated ultimate failure load 

upon monotonic load was due to the continuing of the strain increases in upper and 

lower steel reinforcement. 

Figure 20, which is the strain in bottom reinforcement under monotonic load, 

shows the inflection point at 175 kN that the strain is starting to change direction.       
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This means  that the most loads at this stage are carried out by steel due to severe 

cracking of the concrete. 

 

Fig. 18. Strain development in the middle section of ledge  

under different applied loads steps for monotonic load M2. 

.  

Fig. 19. Strain development in the middle section of ledge  

under different applied loads steps for repeated load R2. 

 

Fig. 20. Strains at bottom reinforcement vs. applied loads. 
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8. Conclusions 

The following are the key conclusions that can be drawn from the current study: 

• The procedure employed for testing was practical and simple in terms of 

generating satisfactory results while also providing the advantage of reducing 

the amount of time spent preparing the entire sample. 

• The initial cracks load obtained for the monotonic loading test is more than the 

initial cracks load found for repeated loading test, which is owing to the 

accumulation of resultant displacement during the testing process. 

• When the PCI equation (5.45) is employed to predict failure load in our case 

study, it is significantly underestimated. However, Equation (5.44) provides an 

excellent estimate. 

• Because the strains at the bottom reinforcement (compression reinforcement) 

transformed from compression to tension towards the failure load, the amount 

of steel reinforcement should be carefully selected. 

• The stiffener in the I beam carried stresses more than the web, both of them 

giving elastic behaviors in the range of the ledge failure load. 

• The strain exhibits a negative to positive inflection point around 175 kN, 

indicating that majority of the loads are carried by steel due to significant 

concrete cracking. 

 

Nomenclatures 
 

𝑎 Applied load eccentricity. 

𝑏 Beam web width, in. 

𝑏ℓ L beam, width of web and ledge, in. 

𝑏𝑡 Width of bearing area, in. 

𝑏𝑡 Width of bearing area, in. 

𝑑 Distance from extreme compression fiber to centroid of 

longitudinal tension reinforcement 

𝑑𝑒  Distance from center of load to end of beam, in. 

ℎℓ Depth of beam ledge, in 

𝑁𝑢 Factored horizontal force. 

𝑠 Spacing between concentrated loads, in. 
 

Greek Symbols 

𝜆 Modification factor for density of concrete =1.0 for normal 

concrete density 

∅ Strength-reduction factor =0.75  
 

Abbreviations 

PCI Precast/Prestressed Concrete Institute 
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