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Abstract

We investigate an electrostatic deflector using the charge density method under
the absence of space-charge effects. The electrostatic deflector is assumed to have
four folds' symmetry with electrodes consisting of conical segments. The first
and third harmonic components of the electrostatic deflection field function are
calculated by considering the charge density distribution on the electrode under
the effect of the applied voltage. The higher deflection fields are found for the
smallest radius and higher applied voltage, which can be used to control the path of
the electron beam. The minimum values of (Cs/f.,) and (C./f.) with radiusr =4
mm are 0.036 and 1.473 at applied voltages 10V and 30V, respectively.

Keywords: Charge density method, Deflection aberration, Electrostatic deflector,
Octupole deflector.
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1. Introduction

The charge density method CDM (also known as the boundary element method
BEM) has been used to solve problems in electrostatics since at least 1878 when
Maxwell used it to find the capacitance of a thin square plate. The inherent
simplicity of the method can confer high accuracy on the results obtained with it.
The method basic is in a system of conducting electrodes charges appear on their
surfaces when potentials are applied on them. In the absence of leakages, these
charges remain even when the applied voltages are removed [1-3]. The sources of
all the fields and potentials in our system are these surface charges. In CDM, we
can replace the electrodes effectively by these charges. The surfaces of the
electrodes are only the parts of the system that the user has to model [4]. Such
method has the advantage of the generation, and the modification of input data are
easy, it is suitable for open boundary analysis, and it can produce accurate field
calculation [4, 5]. The charge density method has many applications in electron
optics and focusing ion optical systems [6, 7]. Such as the design of an electrostatic
deflector that consists of conical segments which give minimum chromatic and
spherical aberration coefficients, by changing the geometrical shape and the applied
voltage of these electrodes which contain fourfold symmetry.

Our calculation in the present work is concentrated on the design of electrostatic
octupole deflector and is carried out for non-relativistic charge particles and
without space charges. There are other approaches to solve this problem by using
the algebraic differential method which is a very powerful method in computer
numerical analysis or using one of the numerical methods like the finite element
method [8, 9].

2. Expression for the Electrostatic Deflector Potential

Figure 1 shows a typical electrostatic deflector. The general form of the
electrostatic deflector potential @ at points near the z — axis in cylindrical
coordinates (r, ¢, z) up to third order term in the off-axis distance r is given as [10]:

O(r.@.z) = (—fl(z)r + gfl"(z)r3) cos(0) — f3(2)r3 cos(36) +.... (1)

where f,(z) is the field of deflection at the axis, f;'(z) represents the second
derivative of f;(z), f5(z) represents the component of the third harmonic of the
deflection potential and 6 is the angle of cylinder. The functions f; (z) and f;(z2),
are uniquely define the potential up to third-order terms in the off-axis distance r.

~

Fig. 1. A typical electrostatic octupole deflector [10].

Journal of Engineering Science and Technology June 2021, Vol. 16(3)



Design of Electrostatic Octupole Deflector Using Charge Density Method . . . . 2193

3. Principle of the Charge Density Method

The basic idea is that to compute the distribution of surface charge density over the
electrode surface. Once there has been done, the potential and field components at
any point in the space between the electrodes can be computed simply by evaluating
an integral over the charge distribution. To compute the surfaces, the electrode
subdivides into many small sub-electrodes as shown in Fig. 2 [11].

ageneral sub-electrode
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Fig. 2. llustrating the subdivision of a general
conical electrode into several small sub-electrodes.

The charge densities magnitudes on the sub-electrodes are determined by
demanding that the electrode potentials to which they give rise are equal to the
potentials actually applied to these electrodes. Let us suppose that segment i
(i =1...N) has an area S; and that it carries a uniform surface charge density o;
and the sub-electrode j (j = 1.... N) are expressed the potential due to the charges
residing on N segments then [12]:

®; =YX, Pjo; 2
where,

1 as;
P; = Eﬂm_ﬁ ®)

Our present work concern on the accurate evaluation of the matrix P. In matrix
notation, @ = Pa, the charge density o is therefore obtained by inverting P, i.e.,

o =Pl (4)

where P is the matrix coefficient which can be computed from Eg. (3) and @ is the
known potential at the centre-point of each sub-electrode [4]. To compute the
matrix coefficientsP;;, we use Eq. (3). In Fig. 3 the it" sub-electrode is in blue, and
the point P represents the centre-point of the j™ sub-electrode in cylindrical
coordinates. P’ is the general point on the surface of the i*"* sub-electrode in
cylindrical coordinate and ¢ is the distance of this point from the end of the sub-
electrode as shown in Fig. 3.

The geometry of each sub-electrode is uniquely defined by the following six
parameters [13]:

Z,and Z, are the z—coordinates of the ends of the sub-electrode;
R,andR, are the r—coordinates of the ends of the sub-electrode;

@,and @, represent the range of values of the angle ¢ over which the sub-
electrode extends.
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Fig. 3. Geometry of conical sub-electrode [13].

Using polar coordinates x =rcos@.y =rsing and z = z; the surface
element of area in the neighbourhood of P" is given by [13]:

dS; = Rdtde (5)
and the distance d;; from P'to P is given by [13]:

1

d;j = ((rcos@® —Rcos @)* + (rsin@ —Rsing)* + (z - 2)*)2 =

(r? —2rRcos(p — ) + R* + (z — Z)z)% (6)
Substituting those values of dS; and d;; into Eq. (3), we get

1 L Rdtd
P = f¢2 ? (7

- 1
410 "1 "0 (12 5p cos(¢-0)+RZ+(2-2)2)2

After analytically evaluating the definite integral from 0 to L in Eq. (7), where
1
L=1[(R,—Ry)*+ (Z, — Z,)?]z = length of sub-electrode. The result can be
written as follows [13]:

Py = —— [V[(d () = dy (§))sin (@) + (R, — a(¥) sin(@)) n(F ()] dip ®

21eg

where
p=2(p-0)
P, =2 (1~ 6)
P, = (9, — )

sin(a) = —(RZZRl)

cos(a) = Zp-2y)
L L )
di(¥) = ((Zy — 2)* + (Ry —1)* + 4Ry7 sin® (¥))2
dy0p) = (2 = 2) + (Ry = )2 + 4Ry7 sin® )z
a(@) = ((Z, — 2)?cos(a) + (R, — r)? sin(a) + 2r sin(a) sin?(Y))

da(P)ta@)+L . -L

——— .ifa(}) = —

di(P)+a(@p) 2
fap) =q g

La-a®W) L
_r T . < _
Gw—am—r W) <3

Equation (8) can be used to calculate all the coefficients P;; for j # i. The
calculation of the coefficient P;;, for j =i is treated as a special case. The
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coefficient P;i defines the generated potential at the centre-point of the i"sub-
electrode by its own charge. The point P lies at the centre-point of the it* sub-
electrode. So, the coordinates of P are [13]:

r=i(Ri+R), 2=2(Zi+2), 0=1(p1+¢)) (10)

In this case the function f () in Eq. (8) has a singularity at ¢ = 0 and the
calculation of coefficient at the singularity [8]:

Py = [ - @) sin@) d@) + [P7(R, - a@) sin(@)] x
in ({8 DR ()| - 22 cos? (@) [ InGsin()) d) +

L sin? (@)[~2 sin(z) cos(hz) In(sin(y) + sin(y) coshy) + 9,1 (11)

The third term in Eq. (11) can be evaluated using the following power series
expansion [13]:
[¥2 In(sin()d@) =y In(p) —p, ~ L - B WL _ Vi Vb

900 19845 340200 5145525

(12)

By substituting Eg. (12) into Eq. (11) one can compute the coefficients P; [13].
The integral in Eq. (8) and the first two terms in (11) are evaluated numerically
using adaptive quadrature rule in the present work [14].

4.Calculation of the Field Functions Deflection fi(z) and f3(z)

Suppose that the it" sub-electrode in the first quadrant has a centre-point
coordinates (R. ¢. z) and carries a charge density o; as shown in Fig. 3. Since the
deflection has four folds symmetry, there are corresponding sub-electrodes in the
second, third and fourth quadrants, and their centre-point coordinate and charge
densities are [(R.0 — ¢.Z).—0;], [(R.0 + ¢.Z).—0;]and [(R.0 — ¢.Z).+0a;],
respectively, as shown in Fig. 4. The potential @ generated by these four sub-
electrodes are calculated at a general point P using the cylindrical coordinates lying
very close to the z-axis (see Fig. 4).
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Fig. 4. Matching the four quadrants sub-electrodes
used in calculating the functions of the deflection field f1(z) and f3(z).
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In the first quadrant, the potential at Pgenerated by the sub-electrode can be
determined as follows [13]:

- 4720 ‘;’Plz OL (r2=2rR cos(zdl:)(iR2+(z 2)2)2 )
Now set:
H=[R?+ (z - 2)]: (14)
then
-1
o RS st - o s ®

Since r is assumed to be very small, the square-bracketed term can be expanded
for the potentials @,, @5 and @, produced by the sub-electrodes in the second, third
and fourth quadrants, respectively simply by replacing the value of o; and ¢ by their
corresponding values in the other three quadrants. To solve the problem these results
added together to give the total potential at P producing by all four sub-electrodes.

o (¥ Rr3 15R3r3
f BH¢ cos( @) cos(0) +

cos( 3¢) cos(36)+.....]1d¢de (16)

8HS

Comparing Eq. (1) with Eq. (16), the expression for the functions of the
deflection field f; (z) and f5(z) are found to be:

fi(z) = 2 [2 [ £ cos(p)dedp

fa(2) = ‘5‘”f ?2 v cos(3p)dldy

8me,

17)

The ¢ -integrals and ¢ -integrals can be evaluated analytically, therefore, the
results of integrating Eq. (17) are become [13]:

cos(B+ a) rz (18)
fi(2) = =2 (sin( @2) = sin(91)) Lrcos(f-a) 18
1 2 1 +sm2(a)ln( P ) .
1 |cos(@) (cos(ﬁ) - —cos3(,8) + lc‘osS(,B)) &
fo(@) = 22 (sin(3) —sin(Bp) | 5 L3 : (19)
Esm(a) sin°(B) 5
where,
cos(a) = Lt T
[(R2—R1)?+(2,-21)?]2
sin(a) = RoRy T
[(Rz=R1)?+(22-21)2]2
cos(By) = —==

[R2+z1-22]2
cos(f,) = Zz—_zl (20)

[R3+(22-2)2]2

sin(py) = T
[R1+(Z1—Z)2]2
sin(fp) =——
[R2+(Zz—z)2]2

¢ =R;cos(a) — (Z; — z) sin(a)
These formulae Z,, Z,, Ry, Ry, ¢, and ¢, are as defined in Fig. 3.
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5.The Trajectory Equation and Deflection Aberration

The trajectory equation of a charge particle travelling at velocities nonrelativistic in
the electrostatic deflector can be reduced to the following paraxial ray equation [15].

d?R @' dR VF
- - _|_ R L §
dz? | 20 dz 2%

(21)
where V is the voltage applied on the electrostatic deflector, and F; = f;(2) is the
first harmonic field functions for the deflector. &'and ®"represent the first and
second derivatives of the axial potential @ respectively, which can be solved
analytically in the present work. R is the electron beam radial displacement from
the optical axis z. The primes denote the derivatives with respect to z.

Equation (21) is a linear non-homogeneous second order differential equation
[13]. This equation is solved numerically by using Range-Kutta-Nystrom
method [16].

In the present work the spherical and chromatic aberration are calculated. The
spherical and chromatic aberration coefficients are denoted by C, and C.
respectively. In the present work, the value of C; and C, are normalized in terms of
the object side focal length. The spherical aberration coefficient C; and chromatic
aberration coefficient C, are calculated from the following equations [17].

8 ORE DR OR SHOR I
O LR O @)

where @=d(z) is the potential on the optical axis z, the primes denote derivatives
with respect to z, and @=®(z,) are the object side potential (i.e., z = z,). The
integration in Egs. (22) and (23) are solved using Simpson’s Rule [14].

6.Results and Discussion

The octupole deflector is made by changing the radius values of the electrode and
the applied voltage on the electrode to give minimum relative spherical and
chromatic aberration coefficients. In the present work, we subdivided the electrode
into twenty sub-electrodes. The charge density (CD) on the sub-electrodes at
different values of the applied voltage on it has been calculated. At each value of
the applied voltage has been taken with different values of radius. Each value of
radius has been kept constant to different values of voltage. The applied voltages
on the electrode are 10 V, 15V, 20 V, 25 V and 30 V. The deflection field function
has been calculated for different values of electrode radii and applied voltages on
the electrode are shown in Fig. 5. From this figure, we can notice that increasing
the radius of the electrode, the deflection field function f1(z) decreases. The field is
inversely proportional to the radius of the electrodes. This case can be interpreted
with aid of Coulomb's low. The deflection field function f1(z) increases when the
applied voltage on the electrodes increases, this growing comes from the increase
in charge density which is proportional to the f1(z).
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Fig. 5. The function of deflection field fi(z) of the electrostatic deflector
for different values of applied voltage at (a) r=2 mm, (b) r=3 mm, (c) r=4 mm.

The trajectory of the electron beam along the electrostatic deflector field at
infinite magnification condition and using the operational accelerating mode had
been computed using Eq. (21). Figure 6 represents the paths of the electron beam
crossed the electrostatic deflector field at different values of both radii and applied
voltage. Computations show that as the electron beam emanates from the deflection
field, it diverges away from the optical axis. The effect of the voltages 10 V, 15 V,
20V, 25V and 30 V on the beam path has been checked out at different values of
electrodes radius (r = 2, 3, and 4 mm). However, as the voltage exceeds 30 V, the
beam deflected near the optical axis. This is due that the beam deflection increases
with increasing the applied voltage on the electrodes for different values of the
radius. The effects of the radius of the electrode are negligible for the same applied
voltage and as the applied voltage increases with the same radius the trajectories
are closer to the optical axis. From these figures, one can notice that the effect of
the applied voltage can be used to control the path of the electron beam when the
radii of the electrode are fixed.

Figure 7(a) represents the relative spherical aberration coefficient C,/f. of the
electrostatic deflector versus the electrodes radii for different applied voltage on
the electrodes. The spherical aberration coefficient is determined with aid of Eq.
(22). From the figure, one can notice that the values of the relative spherical
aberration coefficients C,/f, are decreases as the radius of electrode increases. It is
seen that C;/f. has a minimum value at r = 4 mm for each value of the applied
voltage. The minimum value of C,/f, increases with increasing the applied voltage
at radius r = 4 mm. The minimum value of C,/f, = 0.036 at applied voltage equal
to 10 Vand r =4 mm.
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Fig. 6. The electron beam paths in the electrostatic deflector
at infinite magnification condition for different values of applied
voltage at (a) r=2 mm, (b) r=3 mm, (c) r=4 mm.
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Fig. 7. The relative aberration coefficients (a) spherical Cs/f, and (b) chromatic
Ccffo versus the radii of the electrodes for different values of applied voltage.

Figure 7(b) represents the relative chromatic aberration coefficient C./f, for the
electrostatic deflector verses the electrode radius for different applied voltages on
the electrodes. The chromatic aberration coefficients are determined using Eqg. (23).
From the figure, one can notice the values of the relative chromatic aberration
coefficients C./f. decrease as the radius of electrode increases. Also, one can notice
the values of the relative chromatic aberration coefficients C,/f, decrease as the
applied voltage increases. The minimum value of (C./f.) =1.473 at applied voltage
equal to 30 V and r =4 mm.
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7.Conclusions

One of the most accurate methods to solve the electrostatic field in electron-optical
design is the charge density method. It is found that the spherical and chromatic
aberration coefficients can be reduced by choosing the favourable geometrical
shape depending upon various parameters such as the radius of electrodes, the
applied voltage on the electrodes under infinite magnification condition. Different
applied voltages are used on the electrode, 10 to 30 V, with three different radii (r =
2, 3 and 4 mm) of the electrodes. The higher deflection fields are found for the
smallest radius and higher applied voltage. We can conclude that the values of the
relative spherical and chromatic aberrations coefficients decrease with increasing the
radius of electrode. However, the relative spherical aberration coefficients decrease
with decreasing the applied voltage, and the relative chromatic aberration
coefficients decrease with increasing the applied voltage. The minimum values of
(Cs/f.) and (C./f.) are 0.036 and 1.473 at applied voltages equal to 10 V and 30
V respectively, both at radius r = 4 mm.
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