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Abstract

This study aims to develop a preliminary design of learning function based on
the didactical tetrahedron model. The study was a preliminary design phase of
design research method. Based on the results of preliminary research, it was
found that students had difficulties in solving problems about the function
material. One of the serious obstacles in learning function is a reluctance to
emphasizes the visual aspect of the concept. Students tend to think the concept
of function only in symbolic representation mode. Non-visual approach to
learning functions can hinder the development of students to understand function.
The notion of didactical tetrahedron in mathematics learning assumes that
technology can provide suitable tools to represent mathematics. Dynamic
geometry software is an effective and efficient application to help visualize
objects mathematics especially in the matter of functions. Dynamic geometry
software can provide a visual experience to students in understanding the
concepts of functions. The learning design which is prepared with the appropriate
learning approach and technology is expected to be able to overcome and
anticipate the emergence of learning difficulties and obstacles, so that the
objectives of learning mathematics can be achieved properly.

Keywords: Design research, Didactical tetrahedron model, Dynamic geometry
software, Learning function.
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1. Introduction

The concept of function has become one of the basic ideas in mathematics which
underlies almost all disciplines. However, it proved to be one the most difficult
concept to master in learning mathematics [1, 2]. In line with that, based on the
result of preliminary research, students had difficulties and obstacles in solving
problems about the function material. These obstacles cannot be separated from
inappropriate learning methods. Various innovations in learning mathematics needs
to be conducted as an effort to improve quality in learning mathematics.

Prior to the rapid advancement of technology, the general philosophy of
learning mathematics was based on the idea of a "didactical triangle" between
students, teachers, and mathematics material as shown in Fig. 1 [3]. Based on the
didactical triangle idea, mathematics is part of the knowledge system shared by
those who already understand it, in this case the teacher. Math is on the teacher's
mind. Physical representations are usually only contained in textbooks. In this case
mathematics is static in the form of fixed words or pictures. Dynamic
representations can only appear through the teacher's verbal explanations and also
through the diagrams depicted by the teacher [3].

Teacher

Student Mathematics

Fig. 1. Didactical triangle.

The rapid advancement of technology today has an impact on the development
of ideas from didactical situation theory. The development of information and
communication technology (ICT) today has inevitably affected the world of
education [4]. The era of globalization requires the world of education to constantly
adapt technological developments to efforts to improve the quality of education,
especially in the learning process. Moreover, since 2011 we have entered the era of
the industrial revolution 4.0 which was marked by increased connectivity and
interactivity through information and communication technology. The world of
education also needs to prepare itself to enter this era of industrial revolution 4.0
by making various adjustments in applying learning methods in schools.

The recognition of the importance of technology in mathematics learning has an
impact on the current shift in the philosophy of mathematics education. Advances in
technology bring a new dimension to the learning situation. In addition to students,
teachers, and mathematics which are the basic components that make up the
didactical triangle, today it is also known as computers [3], artifacts [5], technology
[6], or ICT devices [7] which be the fourth component that makes up the didactical
tetrahedron in the appropriate educational context as shown in Fig. 2.
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Fig. 2. The tetrahedron model of a didactical situation.

One of the serious obstacles in learning function is a reluctance to emphasize
the visual aspect of the concept [1]. Students tend to think the concept of function
only in symbolic representation mode. Non-visual approach to learning functions
can hinder the development of students to understand function. The success of
learning, among others, is closely related to the design of the teaching materials
being developed. The notion of didactical tetrahedron in mathematics learning
assumes that technology can provide suitable tools to represent mathematics. These
devices need to be designed in such a way as to make mathematics as explicit as
possible, not only displaying the final result of the calculation but also showing the
mathematical process.

The learning design which is prepared with the appropriate learning approach
and technology is expected to be able to overcome and anticipate the emergence of
learning difficulties and obstacles, so that the objectives of learning mathematics
can be achieved properly. The objective of this study is to develop a preliminary
design of learning function based on the didactical tetrahedron model.

2. Theoretical Framework
2.1. Learning function

The modern concept of function, known as the Dirichlet-Bourbaki concept [8] is
a correspondence between two non-empty sets that map each member to the first
set (domain) with exactly one member in the second set (codomain). To avoid
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correspondence terms, a function is often defined as a set of ordered pairs
satisfying certain conditions. Function can be written and described in many
ways, not just by formal definitions. Common ways of describing function are
with arrows, tables, graphs, algebraic symbols, input, and output boxes, ordered
pairs, words, and problem situations [1, 9]. Each of these interpretations describes
how the value of one variable is.

Different representations of function can help students gain insight into one of
the big ideas in mathematics. When students move between different contexts and
representations of the concept of function, they can realize that through
mathematical ideas that may appear different are actually connected and can
interpret the same idea [2].

One of the serious obstacles in learning function is the reluctance to emphasize
the visual aspect of the concept [1]. Students tend to think of function concepts only
in the mode of symbolic representation. The function and associated ideas are not
understood visually. This non-visual approach to learning function hinders
student’s development to understand function. The application of learning methods
and the use of appropriate media in learning function can be an alternative solution
in overcoming these obstacles.

2.2. Didactical tetrahedron design of learning function

It cannot be denied that every time dealing with subject matter, students need
mediating artifacts to understand the subject matter [5]. Likewise, when viewed
from the teacher's perspective. Teachers need tools so that the subject matter that
the teacher conveys can be understood by students well. These tools can be in the
form of textbooks, assignments or problems, languages, to digital technology.
Advances in technology bring a new dimension to the learning situation.

Tall [3] introduced the didactical tetrahedron idea by looking at the computer as
the fourth component that makes up the didactical tetrahedron model. According to
Tall, computers have abilities that complement the human mind. The human mind is
prone to error, yet capable of making leaps of insight. Whereas computers tend to be
consistent (provided they are programmed properly) and predictable. This
consistency and predictability make computers an environment for building and
testing mathematical concepts. Computers can provide the facility for constructing
mathematical concepts by considering a number of examples (and not examples) of
aprocess in action to observe regularities and abstract the underlying generalizations.
Complementary, one can test a concept by guessing what happens in an untried
situation before executing it to check guesswork. A computer program can not only
show examples of concepts but can also show examples of mathematical processes.
Thus, computer programs can provide an environment that allows teachers to
demonstrate mathematical concepts and processes and allows students to explore
these mathematical concepts and processes.

Rezat and StraRer [5] extends the didactical triangle concept by adding more
general components, which he calls artifacts. These artifacts include all tools that
support the delivery of subject matter by the teacher so that it can be understood by
students well. These tools can be in the form of textbooks, assignments or problems,
languages, to digital technology. Artifacts have a structuring effect on teaching and
learning activities. Artifacts are not passive resources used by teachers and
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students, but rather active resources that shape activities in the learning process.
The use of artifacts by teachers and students is inseparable from every didactical
situation contained in the didactical triangle.

Hollebrands and Okumus [6] develops the didactical tetrahedron idea by
viewing technology as its fourth component. The introduction of technology into
didactical situations can have a transforming effect on the didactical situation
better represented by the didactical tetrahedron. As we know, mathematics is
abstract. Representations make them more accessible. Technology offers new and
different representations for students and teachers that can be used in the learning
process. When using technology, there are three important factors that need to be
considered by teachers. The three factors are: mathematical accuracy,
amplifier/reorganizer, and representation. First, the technology used in
mathematics learning must be able to present mathematical concepts or processes
accurately. Second, the technology used must also be able to solve math problems
more quickly and efficiently. Third, the technology used must be able to give
students access to easier mathematical representations. Todorova and Trgalova
[7] specifically viewed the ICT device as the fourth node in forming a didactical
tetrahedron. Integrating ICT tools brings a new component into the learning
system and creates new relationships between the components in the didactical
triangle. Each triangular surface of the tetrahedron model contains a specific
perspective on the role of ICT devices in mathematics education.

Based on the didactical situation theory, didactical actions taken by the teacher
during the learning process will create a situation that can be used by the teacher as
a starting point for starting learning activities [10]. When the learning process
occurs, a new didactical situation will emerge. This new situation arises due to
student action which is a response to the situation that existed before. In the context
of learning mathematics, teachers usually initiate learning activities by taking an
action. This action then encourages the emergence of a situation which is a source
of information for students. This is what causes the mathematics learning process.
The learning process then raises student action that encourages the emergence of
new situations that can be used as a source of teacher information. Based on this
information, the teacher takes a new action so that new situations emerge which are
useful as sources of information for students. And so on, the flow is a process of
action situations that occur in the didactical triangle model.

In the context of the didactical tetrahedron, the actions taken by the teacher
begin before learning takes place. The interaction between teachers, mathematics
material, and technology occurs before learning activities in class begin. When
dealing with certain mathematical material that will be taught to students, the best
teacher must first analyse, select, and determine technology and approaches or
methods that are in accordance with the mathematics material so that the learning
carried out later can be effective, according to the needs and characteristics of
students, and learning objectives that have been set can be achieved.

The didactical tetrahedron design developed in this paper refers to the Hollebrands
model [6] by making the Teacher-Mathematics-Technology triangle the base triangle
and the student component as the vertex of the tetrahedron as shown in Fig. 3.
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Fig. 3. The developed didactical tetrahedron model.

Based on this model, the didactical tetrahedron design that will be developed
focuses on teacher activities mediated by technology in planning and implementing
mathematics learning in accordance with the material function to be taught.

2.3. Didactical situations

The didactical tetrahedron model can be viewed as a unit built by four triangles: the
teacher-student-mathematics triangle, the teacher-student-technology triangle, the
teacher-mathematics-technology triangle, and the student-mathematics-technology
triangle. Each triangle represents the interaction between the main components in
learning, namely teachers, students, mathematics material, and technology.

2.3.1. Teacher-Student-Mathematics triangle

The Teacher-Student-Mathematics (Fig. 1) is the basis for making the didactical
triangle. This relationship represents the learning process as an interaction between
teachers, students, and mathematics material. There is a process of
planning/preparing teachers in arranging tools and learning paths based on the
subject matter that must be delivered, the teaching process by the teacher to
students, and the learning process experienced by students when in contact with
mathematics material.

In this triangle there is a relationship between teacher and students, a
relationship between teacher and mathematics, and a relationship between students
and mathematics, each of which is represented by the three sides of the triangle.
The teacher-student side can be represented by the verb “to facilitate” or “to guide”.
When a student is faced with a didactic situation, he or she generates his own
knowledge in response to the didactic environment. Teachers should allow
harmonization of the various phases of the learning process and interventions only
when there is a possibility of misunderstanding among students. The teacher-
mathematics side can be represented by the verb "to transpose”, where the main
activity is the first part of the didactic transposition from mathematics as scientific
knowledge to mathematics as knowledge to be taught. The student-mathematics
side can be represented by the verb "to learning", where the main activity is student
involvement which is indicated by the noun "motivation™ or "interest". Knowledge
is built up by students and ultimately institutionalized by the teacher.
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2.3.2. Teacher-student-technology triangle

Good interaction between teachers and technology (teacher-technology side) will
have a positive impact on the effective use of technology in learning. Teachers are
required to be able to analyse and choose technology to be used so that learning can
take place effectively and support the achievement of learning objectives. The
interaction between teacher and students (teacher-student side) in the context of
this triangle shows the role of the teacher directly in mediating the use of
technology by students in mathematics learning. The teacher guides and facilitates
students so that they can use technology appropriately in the learning process. In
this triangle there is also a relationship between students and technology (student-
technology side) which highlights the phenomenon of students' use of technology
in the mathematics learning process. The use of technology by students allows
students to explore mathematical work. So that student interaction with this
technology can facilitate students in the process of building knowledge.

2.3.3. Teacher-mathematics-technology triangle

The third triangle (teacher-mathematics-technology) describes the teacher's activities
mediated by technology in planning and implementing mathematics learning in
accordance with the mathematics material to be taught. The teacher must be able to
decide what technology or learning media is right for each material to be taught.

2.3.4. Students-mathematics-technology triangle

This triangle represents a phenomenon related to mathematics learning with
technology, in which students' conceptualization of given mathematical concepts is
mediated by technology. On the technology-mathematics side, for example, it
highlights the phenomena associated with a new approach to presenting a
mathematical concept with the help of existing technology. One material may be
more effectively presented with the help of a different technology than the
technology used to present another material. On the student-mathematics side, the
main activity is student involvement in learning mathematics material. Technology
in this case acts as a medium that helps students learn mathematical material. So
that the student-technology side highlights the phenomenon of students' use of
technology in the process of learning a mathematical material.

The whole tetrahedron is a comprehensive model of the didactic situation. This
model combines several different perspectives which also includes the interactions
between these perspectives. Mathematics learning will be effective if there is a
harmonization of the relationship or interaction between the components that make
up the didactic tetrahedron model. Therefore, we cannot view this didactic
tetrahedron as four separate didactic triangles. The four of them are a unit that is
interrelated and interwoven with each other.

Based on this model, technology is one of the main components in learning
mathematics. Hollebrands and Okumus [6] explains that when using technology
there are three important factors that need to be considered by teachers. The three
factors are: mathematical accuracy, amplifier/reorganizer, and representation. First,
the technology used in mathematics learning must be able to present mathematical
concepts or processes accurately. Second, the technology used must also be able to
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solve math problems more quickly and efficiently. Third, the technology used must
be able to give students access to easier mathematical representations.

2.4. Dynamic geometry software

In mathematics learning, many technologies can be used to support learning. The
integration of technology, especially Information and Communication Technology
(ICT) in mathematics learning will support the achievement of the expected
learning objectives. ICT includes all technologies that can be used to store, process,
display and convey information in the communication process. One of the ICT
which is often used in mathematics learning is computer. Various computer
programs have been developed and can be used in mathematics learning.

Computer programs are very effective for used in mathematics learning which
requires high accuracy, introducing repetitive mathematical concepts, can also help
completion of charts precisely and accurately. It can be powerful aids to teaching
and learning mathematics [11]. One of the most widely used computer programs is
dynamic geometry software (DGS). Dynamic geometry software is an effective and
efficient application to help visualize objects mathematics especially in the matter
of functions. Dynamic geometry software can provide a visual experience to
students in understanding the concepts of functions [12].

Integrating dynamic geometry software in learning mathematics is not without
challenges. For example, students only focus on the solution of the problem by
ignoring the mathematical concepts. Therefore, the role of the teacher remains very
important in implementing appropriate learning strategies and approaches [13, 14].

3. Method

This report is a part of design research study. There are three phases in a design
research study: the preliminary design; the teaching experiment; and retrospective
analysis [15]. This research only conducted preliminary design phase. The research
began with conducting a literature review related to function material by analysing
textbooks, learning videos, and research results related to learning function. After
that continued with identifying the learning obstacle in function material. It was
carried out by providing test about function materials to 27 junior high school
students at the eighth grade who have studied the materials previously. In addition,
interviews conducted towards several students and the teacher who teach
mathematics in the classroom. The analysis of the data obtained was carried out
qualitatively. The result was used to design student learning activities about
function that contain a hypothetical learning trajectory.

4. Results and Discussion
4.1. Obstacles of learning function

To identifying the learning obstacle in function material, several problems about
functions had been given to 27 students. For example, students had difficulty to
solve the problems as shown in Fig. 4.
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1. Observe the plant on the garden around you. Note its height, root type,
and leaf colour.
a Present the data that show relationship between plant with its height,
plant with its root type, and plant with its leaf colour.
b, Which relationship is a function and which is not?

¢.  Explain what you know about the function.

2. The following table shows the height of the plant from week to week.

Weeks Height (cm)
1 9
2 13
3 17

a. Present the data in another representation.
b. Predict the height of the plant at the fifth week.
c. Determine functions that map plant age to plant height.

3. Mr. Adam took 2 hours to drive a car from cify A to city B, while Mr.
Smith took 3 hours. Mr. Smith drove a car with a speed of 12 km/hour
slower than Mr. Adam. Determine the distance of city A and city B.

Fig. 4. Several problems about function had been given to students.

Based on the result of analysis for each problem given, it was found that
students had difficulty solving problems in the function material. These difficulties
include the following.

¢ Using relationship patterns to analyse situations.

e Translating different representations.

¢ Creating and using symbols, visual or spatial notation, and words or sentences
in solving mathematical problems.

e Exploring problem solving related to other topics or other disciplines.
¢ Modelling and solving problems.

Students need learning experiences that make them understand the concepts in
the function material well so that can overcome and anticipate the emergence of
these learning obstacles.

4.2. Preliminary design of learning function
4.2.1. The iceberg models

The iceberg model is a visual metaphor that describes the process of progressive
formalization through informal (concrete), pre-formal (semi-concrete and semi-
abstract), and formal (abstract) representations. The iceberg model consists of the
tip of an iceberg and a much larger area underneath it is designated as a "floating
capacity". The tip of the iceberg represents formal procedures or symbolic
representations. Before reaching this formal level, students must have the
opportunity to face informal contexts and pre-formal representations [16]. Figure 5
shows example of an iceberg model for a functional graph sub-topic.
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Fig. 5. The iceberg model for a functional graph sub-topic.

The sub-topic of creating a function graph should be preceded by contextual
problems. For example, problems about parking rates in shopping centres, change
in height of plant, price of groceries, etc. In the semi-concrete or semi-abstract
stage, dynamic geometry software like GeoGebra, Geometer's Sketchpad, or other
dynamic geometry software can be used. The use of this software aims to facilitate
students to explore widely so that they can better understand the concept of function
graphics. The process of building student knowledge in the sub-topic of function
graphics can also be facilitated by using this software. After going through the
concrete and semi-abstract stages, finally the tip of the iceberg represents a formal
procedure or symbolic representation related to the graph of the function.

4.2.2. Hypothetical learning trajectory

The results of this preliminary study were used to design student learning activities
that contain a hypothetical learning trajectory (HLT) for learning function as shown
in Table 1. The HLT consists of three components: learning objectives for students;
instructional activities that are planned and the learning media that will be used; the
alleged learning process that anticipates how students' thinking and understanding
can develop when instructional activities are applied in the classroom. This HLT is
dynamic and can be revised during the teaching experiment.
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Table 1. HLT for learning function.

Learning objectives:

¢ Students can define function
e Students can state function in various representations
e Students can distinguish between function and not function

Learning activities:

e The teacher gives a problem related to plant parts.

¢ Students are asked to collect data about the types of plants in the school yard
or the surrounding environment along with leaf colour, root types, and measure
their height.

e Students are asked to present the data in various forms of representation.

e Students are asked to explain the relationship between the types of plants found
and the colour of their leaves, the types of roots, and their height.

e The teacher guides students to conclude the concept of function contained in
this relationship.

Allegations of students’ way of thinking:

¢ Record the types of plants observed then record their properties (leaf colour,
root type, height).

Obtain information that one type of plant has a certain height.

Obtain information that one type of plant has a certain type of root.
Discovering the fact that a plant may have more than one colour.

Presenting data obtained from observations in the form of a table of ordered
pairs, Cartesian coordinates, or arrow diagrams

¢ When finding plants that have no leaves, students may find it difficult to explain
the relationship between the type of plant and the leaf colour of the plant.

o Anticipation: Guide students to discover the concept of "not a function"

Learning objectives:
e Students can graph a function
Learning Activities:

¢ The teacher asks students to explore the given function (manually as well as with
the mathematics software).

¢ Students draw graphs of functions.
Allegations of students’ way of thinking:

o Create ordered tables or pairs based on the given function.
e Transfers the points obtained into Cartesian coordinates.

e Explore functions with Geogebra software

o Creates a graph of the given function.
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Learning objectives:

¢ Students can formulate function

¢ Students can determine the value of a function
Learning Activities:

e The teacher makes a narrative about the height of a plant from week to week,
the data is presented in a table.

e Students are asked to present the data in another representation.

e The teacher asks students to reveal various phenomena that arise related to
changes in plant height from week to week.

e Students are asked to predict the probability that will occur in the following
weeks.

Allegations of students’ way of thinking:

e Presenting data obtained from observations in the form of tables or arrow
diagrams in representing the relationship between plant species and leaf colour.

e Presenting data obtained from observations in the form of tables, arrow
diagrams, Cartesian diagrams, histograms, or graphs in representing the
relationship between plant types and their height.

¢ Re-check the measurement scale contained in the diagram or graph made.

e Present plant height data from week to week by depicting plants (can be a line
or a plant sketch) on a horizontal axis then adjusting to a given height.

e Present plant height data in the form of a graph, histogram, or bar chart.

¢ Re-check the measurement scale, both on the horizontal (X axis) and vertical
(Y axis) axis

¢ Re-check the starting point (origin) on the graph / histogram / bar chart created.

¢ Noting that from week to week the plant's height continues to increase, the
highest in week 4.

¢ Predicting in the next week the plant will increase in height or maybe decrease
in height (due to wilting) or even die.

o These different predictions will lead students to functions that may also be different.

5. Conclusions

Preliminary research in this study conclude that students had some difficulties on
learning function. Based on the preliminary research about learning obstacles and
the results of literature reviews related to function material, a preliminary design of
learning functions based on the didactical tetrahedron model has been developed in
this study. Furthermore, this research can be developed next by implementing the
design, doing retrospective analysis, and revising the design.
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