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Abstract 

This study aims to develop necessary conditions for the boundedness of Stein-
Weiss Operator on Orlicz spaces. It is well known that the Orlicz space is the 
generalization of the Lebesque space. In particular, by considering power 
function as Young’s function, the Orlicz space is a Lebesgue space itself. Orlicz 
space and several operators in the space have been studied intensively by several 
researchers. In this study, we find the necessary condition for boundedness of 
Stein-Weiss operator on Orlicz spaces. The technique to achieve our purpose is 
by substituting dilation of radial function on a ball into inequality of boundedness 
assumption, and some basic properties of Young’s function. Since the dilation is 
dynamic, we will get the result as inequality in one parameter. Furthermore, 
Young’s function of range times certain power function is dominated by Young’s 
function of domain. As a discussion, we try to find several examples that satisfy 
the inequalities. The most important, the result shows that there is a significant 
factor to see the boundedness of the Stein-Weiss operator on Orlicz space. 
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1.  Introduction 
There are many authors have studied further about quasilinear operators on Orlicz 
spaces. Nakai [1], Hashimoto et al. [2] already obtained sufficient conditions for 
boundedness of generalized fractional integral operators on an integrated version 
of Orlicz spaces. Guliyev and Deringoz [3] derived the necessary and sufficient 
condition for boundedness of fractional maximal operator on generalized Orlicz-
Morrey spaces. Hasto [4] investigates the properties of a maximal operator on 
generalized Orlicz spaces. 

One of the incredible results is obtained by Cianchi [5]. He already found 
necessary and sufficient conditions for boundedness of several classical operators 
on Orlicz spaces, and the results are very sharp. In Theorem 1, 2, 3 [5], he found 
the necessary and sufficient condition for weak and strong boundedness of maximal 
operator, fractional integral operator, and singular integral on Orlicz spaces.  

Also, Sawano et al. [6] have found the results of hard work for inequalities of 
fractional operators on Orlicz-Morrey spaces. Those are available in Theorem 2.8, 
2.9, 2.10, and corollary 2.11 [6].  

As the beginning of our research, we want to exploit every inch of properties of 
a quasilinear operator, we called the operator as Stein-Weiss operator. Stein-Weiss 
operator was first introduced by Stein-Weiss [7]. They prove that the operator: 

𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓(𝑥𝑥) = �
𝑓𝑓(𝑦𝑦)

|𝑦𝑦|𝛼𝛼|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−𝜆𝜆|𝑥𝑥|𝛽𝛽ℝ𝑛𝑛
 𝑑𝑑𝑑𝑑  

is bounded from Lebesgue space 𝐿𝐿𝑝𝑝 to Lebesgue space 𝐿𝐿𝑞𝑞 , which 𝛼𝛼, 𝜆𝜆,𝛽𝛽 satisfy 
that shown in Eqs. (1) and (2). 

0 < 𝛼𝛼 < 𝑛𝑛, 1 < 𝑝𝑝 < ∞,𝛼𝛼 < 𝑛𝑛
𝑝𝑝′

,𝛽𝛽 < 𝑛𝑛
𝑞𝑞

,𝛼𝛼 + 𝛽𝛽 ≥ 0                                                   (1) 

and 
1
𝑞𝑞

= 1
𝑝𝑝

+ 𝛼𝛼+𝛽𝛽−𝜆𝜆
𝑛𝑛

                                                                                                          (2) 

In fact, if Eq. (1) is given, then Eq. (2) is necessary and sufficient condition for 
boundedness of 𝑇𝑇𝛼𝛼,𝜆𝜆.𝛽𝛽. We called operator 𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽 as Stein-Weiss operator. 

In this paper, we want to find necessary and sufficient condition for 
boundedness of Stein-Weiss operator on Orlicz spaces. Before defining Orlicz 
space, we need to know several facts about Young’s function. For the definitions 
and properties of several facts related to Orlicz spaces, we use some references [8-
11]. Recall the definition of Lebesgue space,  

𝐿𝐿𝑝𝑝(ℝ𝑛𝑛) = �𝑓𝑓: 𝑓𝑓 measurable, and � |𝑓𝑓(𝑥𝑥)|𝑝𝑝
ℝ𝑛𝑛

𝑑𝑑𝑑𝑑 < ∞�. 

Lebesgue space is complete space with norm  

‖𝑓𝑓‖𝐿𝐿𝑝𝑝(ℝ𝑛𝑛) = �� |𝑓𝑓(𝑥𝑥)|𝑝𝑝
ℝ𝑛𝑛

𝑑𝑑𝑑𝑑�

1
𝑝𝑝

. 

There are several generalizations of Lebesgue space, one of them is Orlicz 
space. To define Orlicz space, we require a few support definitions.  
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Define a function 𝜙𝜙 ∶ [0,∞) → [0,∞) is Young’s function if and only if 𝜙𝜙 is 
convex, 𝜙𝜙(0)  =  0, and lim

𝑥𝑥→∞ 
𝜙𝜙(𝑥𝑥) =  ∞. 

Since 𝜙𝜙 is convex on open set (0,∞) then it is continuous on (0,∞). Since 𝜙𝜙 
also map [0,∞)  →  [0,∞) and 𝜙𝜙(0)  =  0, then it is continuous on [0,∞). Also, 
𝜙𝜙 is strictly increasing on its support {𝑥𝑥 ≥  0 ∶ 𝜙𝜙(𝑥𝑥)  >  0}. 

Next, we recall the definition of the inverse of Young’s function. For any 
Young’s function 𝜙𝜙, its inverse is given by 

𝜙𝜙−1(𝑦𝑦) = inf{𝑠𝑠 ≥  0 ∶ 𝜙𝜙(𝑠𝑠)  ≥  𝑦𝑦}. 

Some of basic properties of 𝜙𝜙−1 is shown in Eq. (3). 

𝜙𝜙−1�𝜙𝜙(𝑥𝑥)� ≤ 𝑥𝑥 ≤ 𝜙𝜙�𝜙𝜙−1(𝑥𝑥)�                                                                             (3) 

In fact, for every 𝑥𝑥 ∈ [0,∞), we have 𝑥𝑥 ∈ {𝑠𝑠 ≥  0 ∶ 𝜙𝜙(𝑠𝑠)  ≥ 𝜙𝜙(𝑥𝑥)}, therefore 
𝜙𝜙−1�𝜙𝜙(𝑥𝑥)� ≤ 𝑥𝑥. On the other hand, by properties of infimum, there exists some 
sequences (𝑠𝑠𝑛𝑛) such that 𝑠𝑠𝑛𝑛 → 𝜙𝜙−1(𝑥𝑥) and 𝜙𝜙(𝑠𝑠𝑛𝑛) ≥ 𝑥𝑥 for every 𝑛𝑛. The continuity 
of 𝜙𝜙 implies 𝜙𝜙�𝜙𝜙−1(𝑥𝑥)� = lim

𝑛𝑛→∞
𝜙𝜙(𝑠𝑠𝑛𝑛) ≥ lim

𝑛𝑛→∞
𝑥𝑥 = 𝑥𝑥.  

Since convex function 𝜙𝜙 is bijection on its support, then equality of Eq. (3) 
does hold on to support of 𝜙𝜙. That is, if 𝜙𝜙(𝑥𝑥) > 0, then 

𝜙𝜙−1�𝜙𝜙(𝑥𝑥)� = 𝑥𝑥 = 𝜙𝜙�𝜙𝜙−1(𝑥𝑥)�. 

Furthermore, 𝜑𝜑−1(𝑦𝑦)  =  0 if and only if 𝑦𝑦 =  0. Also, if 𝑐𝑐 >  0 then shown 
in Eq. (4) 

{𝑥𝑥 > 0:𝜙𝜙(𝑥𝑥) ≤ 𝑐𝑐} = {𝑥𝑥 > 0: 𝑥𝑥 ≤ 𝜙𝜙−1(𝑐𝑐)}                                                         (4) 

To prove Eq. (4), let A be the left-hand side, and B for the other one. Suppose 
𝑥𝑥 ∈  𝐴𝐴. Since 𝑐𝑐 >  0, then 𝜙𝜙−1(𝑐𝑐)  >  0. If 𝜙𝜙(𝑥𝑥)  =  0 then 𝑥𝑥 ∉  𝑃𝑃 =  {𝑠𝑠 ≥  0 ∶
𝜙𝜙(𝑠𝑠)  ≥  𝑐𝑐} , so 𝑥𝑥  is the lower bound of 𝑃𝑃 , therefore 𝑥𝑥 ≤  inf𝑃𝑃 =  𝜙𝜙−1(𝑐𝑐) . If 
𝜙𝜙(𝑥𝑥)  >  0 , then 𝜙𝜙−1(𝜙𝜙(𝑥𝑥))  = 𝜙𝜙(𝜙𝜙−1(𝑥𝑥))  =  𝑥𝑥 , means 𝑥𝑥 ∈  𝐵𝐵 . On the other 
hand, suppose 𝑥𝑥 ∈  𝐵𝐵 , then 𝑥𝑥 ≤  𝜙𝜙−1(𝑐𝑐)Therefore, 𝜙𝜙(𝑥𝑥)  ≤ 𝜙𝜙(𝜙𝜙−1(𝑐𝑐)) . Since 
𝜙𝜙−1(𝑐𝑐)  >  0  and 𝜙𝜙  is bijection on its support, then 𝜙𝜙(𝜙𝜙−1(𝑐𝑐))  =  𝑐𝑐 . This 
concludes that 𝑥𝑥 ∈  𝐴𝐴.  

Next, we observe that, 

𝜙𝜙−1(𝐾𝐾𝐾𝐾) ≤ 𝐾𝐾𝜙𝜙−1(𝑦𝑦).                                                                         

For any 𝐾𝐾 ≥  1. In fact, suppose that 𝐾𝐾 ≥  1, by definition of inverse, we have, 

𝜙𝜙−1(𝐾𝐾𝐾𝐾) = inf �𝑠𝑠 ≥ 0:
𝜙𝜙(𝑠𝑠)
𝐾𝐾

≥ 𝑦𝑦�. 

Since 𝜙𝜙 is convex function, we have 𝜙𝜙(𝑠𝑠)
𝐾𝐾

≥ 𝜙𝜙 �𝑠𝑠
𝐾𝐾
�. Hence, 

�𝑠𝑠 ≥ 0: 𝜙𝜙 �
𝑠𝑠
𝐾𝐾
� ≥ 𝑦𝑦� ⊆ �𝑠𝑠 ≥ 0:

𝜙𝜙(𝑠𝑠)
𝐾𝐾

≥ 𝑦𝑦�. 

Which is equivalent with 
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{𝐾𝐾𝐾𝐾 ≥ 0: 𝜙𝜙(𝑠𝑠) ≥ 𝑦𝑦} ⊆ �𝑠𝑠 ≥ 0:
𝜙𝜙(𝑠𝑠)
𝐾𝐾

≥ 𝑦𝑦�. 

By taking infimum, the left-hand side is greater than the right-hand side. That 
is Eq. (5), 

𝜙𝜙−1(𝐾𝐾𝐾𝐾) ≤ 𝐾𝐾𝜙𝜙−1(𝑦𝑦).                                                                                          (5) 

for any 𝐾𝐾 ≥  1. This completes our observation. 

The properties Eqs. (4) and (5) will be useful later. Now, we recall the definition 
of Orlicz spaces. Suppose that 𝜙𝜙 is Young’s function, Orlicz space 𝐿𝐿𝜙𝜙 is given by 

𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) = �𝑓𝑓:𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓, 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑐𝑐 > 0 𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 � 𝜙𝜙(𝑐𝑐|𝑓𝑓(𝑥𝑥)|)
ℝ𝑛𝑛

 𝑑𝑑𝑑𝑑 < ∞� 

Obviously, 𝐿𝐿𝜙𝜙(ℝ𝑛𝑛)  is vector space. There are two famous norms which is 
usually defined on 𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) . The first is Luxemburg’s norm, and the other is 
Orlicz’s norm. For defining Orlicz’s norm, we need to define the conjugate of a 
Young’s function.  Let 𝜙𝜙 is a Young’s function, its conjugate is given by 

𝜙𝜙∗(𝑥𝑥) = sup{𝑡𝑡𝑡𝑡 −  𝜙𝜙∗(𝑡𝑡): 𝑡𝑡 ≥  0}. 

Next, for every 𝑓𝑓 ∈  𝐿𝐿𝜙𝜙(ℝ𝑛𝑛), Luxemburg’s norm of f is given by, 

‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) = inf �𝑏𝑏 > 0: � 𝜙𝜙�
|𝑓𝑓(𝑥𝑥)|
𝑏𝑏

�
ℝ𝑛𝑛

 𝑑𝑑𝑑𝑑 ≤ 1� , 

and its Orlicz’s norm is given by, 

‖𝑓𝑓‖𝐿𝐿𝜙𝜙� (ℝ𝑛𝑛) = Sup �� 𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥)
ℝ𝑛𝑛

 𝑑𝑑𝑑𝑑: ‖𝑓𝑓‖𝐿𝐿𝜙𝜙∗(ℝ𝑛𝑛) ≤ 1� , 

These two norms are Eq. (6), in fact, 
‖𝑓𝑓‖𝐿𝐿𝜙𝜙� (ℝ𝑛𝑛) ≤ ‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛)  ≤ 2‖𝑓𝑓‖𝐿𝐿𝜙𝜙� (ℝ𝑛𝑛).                                                                      (6) 

Especially for 𝜙𝜙(𝑡𝑡) = 𝑡𝑡𝑝𝑝, we have the Orlicz norm becomes Lebesgue norm, 
that is ‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) = ‖𝑓𝑓‖𝐿𝐿𝑝𝑝(ℝ𝑛𝑛). Remark. The first inequality of Eq. (6) is obtained 
from H ö lder’s Inequality, for the further study about H ö lder inequalities on 
Orlicz’s spaces, we refer to Ifronika et al. [12] and Masta et al. [13]. Also, the 
generalized of Orlicz spaces can be found in [14, 15].  

Since many authors  [1, 2, 3, 5, 6, 16] have studied fractional integral operators, 
so we are taking interest in Stein-Weiss Operator as a generalization of fractional 
integral operator. The novelties of this study were the necessary condition for the 
boundedness of Stein-Weiss operator. 

2.  Method 
First, we will assume that the Stein-Weiss Operator is bounded on Orlicz spaces. 
Second, we substitute specific function  

𝑓𝑓(𝑥𝑥) = |𝑥𝑥|𝜒𝜒𝐵𝐵(0,1)(𝑥𝑥) 

and its dilation  

𝑔𝑔𝑡𝑡𝑓𝑓(𝑥𝑥) = 𝑓𝑓(𝑡𝑡𝑡𝑡). 
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into the inequality 

�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓�𝐿𝐿𝜓𝜓(ℝ𝑛𝑛)
≲ ‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) 

Third, we solve the inequality above to get some relation between 𝜙𝜙 and 𝜓𝜓, 
which is it will be our necessary condition. 

Since f is our trial function, we have to check that f is an element of Orlicz space. 
In fact, for any Young’s function 𝜙𝜙, 

‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) = inf �𝑏𝑏 > 0: � 𝜙𝜙�
|𝑥𝑥|𝛼𝛼

𝑏𝑏
�

𝐵𝐵(0,1)
 𝑑𝑑𝑑𝑑 ≤ 1� 

Since, 

inf �𝑏𝑏 > 0: ∫ 𝜙𝜙 �|𝑥𝑥|𝛼𝛼

𝑏𝑏
�𝐵𝐵(0,1)  𝑑𝑑𝑑𝑑 ≤ 1� = 𝐶𝐶𝑛𝑛 ∫ 𝜙𝜙 �𝑟𝑟

𝛼𝛼

𝑏𝑏
� 𝑟𝑟𝑛𝑛−11

0 𝑑𝑑𝑑𝑑  ≤

𝐶𝐶𝑛𝑛𝜙𝜙 �
1
𝑏𝑏
� ∫ 𝑟𝑟𝑛𝑛−11

0 𝑑𝑑𝑑𝑑 = 𝐶𝐶𝑛𝑛𝜙𝜙 �
1
𝑏𝑏
� 

It means that, 

�𝑏𝑏 > 0:𝐶𝐶𝑛𝑛𝜙𝜙 �
1
𝑏𝑏
� ≤ 1 � ⊆ �𝑏𝑏 > 0:� 𝜙𝜙�

|𝑥𝑥|𝛼𝛼

𝑏𝑏
�

𝐵𝐵(0,1)
 𝑑𝑑𝑑𝑑 ≤ 1 � 

Therefore,  

‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛) ≤ inf �𝑏𝑏 > 0:𝐶𝐶𝑛𝑛𝜙𝜙 �
1
𝑏𝑏
� ≤ 1 � < ∞. 

This shows that 𝑓𝑓 is in Orlicz space. Similarly, we also have gt is element of the 
same Orlicz space for every 𝑡𝑡 >  0. 

3.  Result and Discussion 
Stein-Weiss [7] have proven that Stein-Weiss operator is bounded in Lebesgue 
space if certain condition Eq. (1) and Eq. (2) are satisfied. In fact, they proved that 
if Eq. (1)  is given then Eq. (2)  is necessary and sufficient condition for the 
boundedness in Lebesgue space. We want to develop their results in Orlicz space. 
In this section, we prove the necessary condition for boundedness Stein-Weiss 
Operator on Orlicz spaces. The following theorem is the main result of this paper. 

Theorem 1. suppose that 𝜙𝜙 and 𝜓𝜓 are Young’s function. Let 𝛼𝛼,𝛽𝛽 ≥  0. If 𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽 
is bounded from 𝐿𝐿𝜙𝜙  →  𝐿𝐿𝜓𝜓 , then shown in Eq. (7).  

𝑡𝑡
𝛼𝛼+𝛽𝛽−𝜆𝜆

𝑛𝑛 𝜙𝜙−1(𝑡𝑡) ≲ 𝜓𝜓−1(𝑡𝑡)                                                                                                 (7) 

for every 𝑡𝑡 >  0. 

Proof. Suppose that 𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽 is bounded from 𝐿𝐿𝜙𝜙  →  𝐿𝐿𝜓𝜓, then 

�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓�𝐿𝐿𝜓𝜓(ℝ𝑛𝑛)
≲ ‖𝑓𝑓‖𝐿𝐿𝜙𝜙(ℝ𝑛𝑛). 

for every 𝑓𝑓 ∈  𝐿𝐿𝜙𝜙(ℝ𝑛𝑛). Since 𝑓𝑓(𝑥𝑥)|𝑥𝑥|𝜒𝜒𝐵𝐵(0,1)(𝑥𝑥) is element of Orlicz space 𝐿𝐿𝜙𝜙, 
then 𝑔𝑔𝑡𝑡(𝑥𝑥)  =  𝑓𝑓(𝑡𝑡𝑡𝑡  is also element of Orlicz space 𝐿𝐿𝜙𝜙(ℝ𝑛𝑛). Notice that 
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∫ 𝜙𝜙 �|𝑔𝑔𝑡𝑡(𝑥𝑥)|
𝑏𝑏

� 𝑑𝑑𝑑𝑑  = ∫ 𝜙𝜙 �
|𝑡𝑡𝑡𝑡|𝛼𝛼𝜒𝜒𝐵𝐵(0,1)(𝑡𝑡𝑡𝑡)

𝑏𝑏
�ℝ𝑛𝑛ℝ𝑛𝑛 𝑑𝑑𝑑𝑑 = 𝑡𝑡−𝑛𝑛 ∫ 𝜙𝜙 �

|𝑥𝑥|𝛼𝛼𝜒𝜒𝐵𝐵(0,1)(𝑥𝑥)

𝑏𝑏
�ℝ𝑛𝑛 𝑑𝑑𝑑𝑑 =

𝑡𝑡−𝑛𝑛 ∫ 𝜙𝜙 �|𝑥𝑥|𝛼𝛼

𝑏𝑏
�𝐵𝐵(0,1) 𝑑𝑑 = 𝑎𝑎𝑛𝑛𝑡𝑡−𝑛𝑛 ∫ 𝜙𝜙 �𝑟𝑟

𝛼𝛼

𝑏𝑏
�1

0 𝑟𝑟𝑛𝑛−1𝑑𝑑𝑑𝑑 ≤ 𝑎𝑎𝑛𝑛𝑡𝑡−𝑛𝑛𝜙𝜙 �
1
𝑏𝑏
�. 

Then we have, 

‖𝑔𝑔𝑡𝑡‖𝐿𝐿𝜙𝜙 ≤ inf �𝑏𝑏 > 0: 𝑎𝑎𝑛𝑛𝑡𝑡−𝑛𝑛𝜙𝜙 �
1
𝑏𝑏
� ≤ 1�              

≤ inf �𝑏𝑏 > 0:𝜙𝜙 �
1
𝑏𝑏
� ≤ 𝑎𝑎𝑛𝑛−1𝑡𝑡𝑛𝑛� 

= inf �𝑏𝑏 > 0:
1
𝑏𝑏
≤ 𝜙𝜙−1(𝑎𝑎𝑛𝑛−1𝑡𝑡𝑛𝑛)� 

=
1

𝜙𝜙−1(𝑎𝑎𝑛𝑛−1𝑡𝑡𝑛𝑛).                               

The first equality is obtained from Eq. (4). On the other hand, 

𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑔𝑔𝑡𝑡(𝑥𝑥) = �
𝑔𝑔𝑡𝑡(𝑦𝑦)

|𝑦𝑦|𝛼𝛼|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−𝜆𝜆|𝑥𝑥|𝛽𝛽ℝ𝑛𝑛
 𝑑𝑑𝑑𝑑                                                  

= �
𝑓𝑓(𝑡𝑡𝑡𝑡)

|𝑦𝑦|𝛼𝛼|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−𝜆𝜆|𝑥𝑥|𝛽𝛽ℝ𝑛𝑛
 𝑑𝑑𝑑𝑑                            

= �
𝑓𝑓(𝑢𝑢)𝑡𝑡−𝑛𝑛

|𝑡𝑡−1𝑢𝑢|𝛼𝛼|𝑥𝑥 − 𝑡𝑡−1𝑦𝑦|𝑛𝑛−𝜆𝜆|𝑥𝑥|𝛽𝛽ℝ𝑛𝑛
 𝑑𝑑𝑑𝑑               

= �
𝑓𝑓(𝑢𝑢)𝑡𝑡−𝑛𝑛

𝑡𝑡−𝛼𝛼|𝑢𝑢|𝛼𝛼𝑡𝑡𝜆𝜆−𝑛𝑛|𝑡𝑡𝑡𝑡 − 𝑢𝑢|𝑛𝑛−𝜆𝜆𝑡𝑡−𝛽𝛽|𝑡𝑡𝑡𝑡|𝛽𝛽ℝ𝑛𝑛
 𝑑𝑑𝑑𝑑 

=  𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓(𝑡𝑡𝑡𝑡).                                         

Therefore, 

�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑔𝑔𝑡𝑡�𝐿𝐿𝜓𝜓(ℝ𝑛𝑛)
= 𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆 inf �𝑏𝑏 > 0: 𝑡𝑡−𝑛𝑛 � 𝜓𝜓 �

�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓(𝑥𝑥)�
𝑏𝑏

�
ℝ𝑛𝑛

𝑑𝑑𝑑𝑑 ≤ 1�. 

Notice that, 

𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓(𝑥𝑥) = �
1

|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−𝜆𝜆|𝑥𝑥|𝛽𝛽  𝑑𝑑𝑑𝑑
𝐵𝐵(0,1)

. 

And, 

� 𝜓𝜓�
�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓(𝑥𝑥)�

𝑏𝑏
�

ℝ𝑛𝑛
𝑑𝑑𝑑𝑑 ≥ � 𝜓𝜓�𝑏𝑏−1 �

1
|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−𝜆𝜆|𝑥𝑥|𝛽𝛽  𝑑𝑑𝑑𝑑

𝐵𝐵(0,1)
�  𝑑𝑑𝑑𝑑

𝐵𝐵�0,12�
. 

Also, for𝑥𝑥 ∈ 𝐵𝐵 �0, 1
2
�  we have 𝐵𝐵 �𝑥𝑥, 1

2
� ⊂ 𝐵𝐵(0,1). Therefore, 

� 𝜓𝜓�
�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑓𝑓(𝑥𝑥)�

𝑏𝑏
�

ℝ𝑛𝑛
𝑑𝑑𝑑𝑑 ≥ � 𝜓𝜓�𝑏𝑏−1|𝑥𝑥|−𝛽𝛽 �

1
|𝑥𝑥 − 𝑦𝑦|𝑛𝑛−𝜆𝜆  𝑑𝑑𝑑𝑑

𝐵𝐵�𝑥𝑥,12�
�  𝑑𝑑𝑑𝑑

𝐵𝐵�0,12�
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= � 𝜓𝜓�
𝑎𝑎𝑛𝑛|𝑥𝑥|^𝛽𝛽

2𝜆𝜆𝜆𝜆𝜆𝜆
�

𝐵𝐵�0,12�
𝑑𝑑𝑑𝑑         

= 𝑎𝑎𝑛𝑛 � 𝜓𝜓�
𝑎𝑎𝑛𝑛𝑟𝑟𝛽𝛽

2𝜆𝜆𝜆𝜆𝜆𝜆
�

1
2

0
⋅ 𝑟𝑟𝑛𝑛−1 𝑑𝑑𝑑𝑑  

≥ 𝑎𝑎𝑛𝑛 � 𝜓𝜓�
𝑎𝑎𝑛𝑛𝑟𝑟𝛽𝛽

2𝜆𝜆𝜆𝜆𝜆𝜆
�

1
2

1
4

⋅ 𝑟𝑟𝑛𝑛−1 𝑑𝑑𝑑𝑑  

≥ 𝑎𝑎𝑛𝑛4−𝑛𝑛𝜓𝜓 �
𝑎𝑎𝑛𝑛

4𝛽𝛽2𝜆𝜆𝜆𝜆𝜆𝜆
�.               

So, we have, 

�𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽𝑔𝑔𝑡𝑡�𝐿𝐿𝜓𝜓(ℝ𝑛𝑛)
≥ 𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆 inf �𝑏𝑏 > 0: 𝑡𝑡−𝑛𝑛𝑎𝑎𝑛𝑛4−𝑛𝑛𝜓𝜓 �

𝑎𝑎𝑛𝑛
4𝛽𝛽2𝜆𝜆𝜆𝜆𝜆𝜆

�

≤ 1�                                   

= 𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆 inf �𝑏𝑏 > 0:𝜓𝜓 �
𝑎𝑎𝑛𝑛

4𝛽𝛽2𝜆𝜆𝜆𝜆𝜆𝜆
� ≤ 𝑎𝑎𝑛𝑛−14𝑛𝑛𝑡𝑡𝑛𝑛�   

= 𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆 inf �𝑏𝑏 > 0:
𝑎𝑎𝑛𝑛

4𝛽𝛽2𝜆𝜆𝜆𝜆𝜆𝜆
≤ 𝜓𝜓−1(𝑎𝑎𝑛𝑛−14𝑛𝑛𝑡𝑡𝑛𝑛)� 

=
𝑎𝑎𝑛𝑛𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆

4𝛽𝛽2𝜆𝜆𝑏𝑏𝜓𝜓−1(𝑎𝑎𝑛𝑛−14𝑛𝑛𝑡𝑡𝑛𝑛).                                            

Since 𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽  is bounded from 𝐿𝐿𝜑𝜑  →  𝐿𝐿𝜓𝜓, then 
𝑎𝑎𝑛𝑛𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆

4𝛽𝛽2𝜆𝜆𝑏𝑏𝜓𝜓−1(𝑎𝑎𝑛𝑛−14𝑛𝑛𝑡𝑡𝑛𝑛) ≤
1

𝜙𝜙−1(𝑎𝑎𝑛𝑛−1𝑡𝑡𝑛𝑛) 

for every 𝑟𝑟, 𝑡𝑡 >  0. This is equivalent with 

𝑡𝑡𝛼𝛼+𝛽𝛽−𝜆𝜆𝜙𝜙−1(𝑎𝑎𝑛𝑛−1𝑡𝑡𝑛𝑛) ≲ 𝜓𝜓−1(𝑎𝑎𝑛𝑛−14𝑛𝑛𝑡𝑡) 

By replacing 𝑡𝑡 with (𝑎𝑎𝑛𝑛𝑡𝑡)
1
𝑛𝑛  we have 

𝑡𝑡
𝛼𝛼+𝛽𝛽−𝜆𝜆

𝑛𝑛 𝜙𝜙−1(𝑡𝑡) ≲ 𝜓𝜓−1(4𝑛𝑛𝑡𝑡). 

𝑡𝑡
𝛼𝛼+𝛽𝛽−𝜆𝜆

𝑛𝑛 𝜙𝜙−1(𝑡𝑡) ≲ 𝜓𝜓−1(𝑡𝑡). 

for every t > 0. 

Next, our discussion is to find several examples that satisfy (7). Suppose 𝜙𝜙 
and 𝜓𝜓 are power function, say 𝜙𝜙(𝑡𝑡) = 𝑡𝑡𝑝𝑝 and 𝜓𝜓(𝑡𝑡) = 𝑡𝑡𝑞𝑞, we have the inverses are 

𝜙𝜙−1(𝑡𝑡) = 𝑡𝑡
1
𝑝𝑝 and 𝜓𝜓−1(𝑡𝑡) = 𝑡𝑡

1
𝑞𝑞. Then, 

𝑡𝑡
𝛼𝛼+𝛽𝛽−𝜆𝜆

𝑛𝑛 𝑡𝑡
1
𝑝𝑝 ≲ 𝑡𝑡

1
𝑞𝑞 

if and only if  

𝑡𝑡
𝛼𝛼+𝛽𝛽−𝜆𝜆

𝑛𝑛 +1𝑝𝑝−
1
𝑞𝑞 ≲ 1 

if and only if Eq. (8), 
1
𝑞𝑞

= 𝛼𝛼+𝛽𝛽−𝜆𝜆
𝑛𝑛

+ 1
𝑝𝑝

.                                                                                                                     (8) 
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This result shows that parameters 𝛼𝛼,𝛽𝛽, 𝜆𝜆, 𝑝𝑝, 𝑞𝑞 that satisfy (8) are the necessary 
condition for boundedness of 𝑇𝑇𝛼𝛼,𝜆𝜆,𝛽𝛽 from 𝐿𝐿𝑝𝑝 to 𝐿𝐿𝑞𝑞 .  

It is not always obvious to have a function 𝜓𝜓 that satisfy (7). For example, 
consider 

𝜙𝜙exp(𝑡𝑡) = 𝑒𝑒𝑡𝑡 − 1. 

Then 𝜙𝜙exp−1 (𝑡𝑡) = ln(1 + 𝑡𝑡) . So, we need to find a Young’s function 𝜓𝜓  that 
satisfy  

𝑡𝑡
𝛼𝛼+𝛽𝛽−𝜆𝜆

𝑛𝑛 ln(1 + 𝑡𝑡) ≲ 𝜓𝜓−1(𝑡𝑡). 

Since we need a Young’s function 𝜓𝜓, then 𝜓𝜓−1 must be concave, and 𝜓𝜓−1(0) = 0. 

Sometimes we know the function 𝜓𝜓 exists but cannot be described concretely. 
For example, consider  Young’s function Φ in [2] (Corollary 2.2). Suppose that,  

Φ(𝑡𝑡) = 𝑡𝑡 ln(𝑡𝑡 + 𝑐𝑐)  for some c > 𝑒𝑒. 

Since Φ′(𝑡𝑡) > 0  for 𝑡𝑡 ≥ 0 , then it is strictly increasing, so the inverse is 
existed. Also, Φ′′(𝑡𝑡) > 0, then Φ is convex. Let, 𝛼𝛼 + 𝛽𝛽 = 0, so 𝜓𝜓 must be satisfy 

𝑡𝑡−
𝜆𝜆
𝑛𝑛Φ−1(𝑡𝑡) ≲ 𝜓𝜓−1(𝑡𝑡). 

By choosing 𝜓𝜓 as a function that satisfy Eq. (9) 

𝜓𝜓−1(𝑡𝑡) = 𝑡𝑡−
𝜆𝜆
𝑛𝑛Φ−1(𝑡𝑡),                                                                                                   (9) 

We can find the second derivative of 𝜓𝜓−1 in Φ and Φ−1, which is 𝜓𝜓−1 can be 
concave for certain 𝜆𝜆, this implies 𝜓𝜓 is convex for certain 𝜆𝜆. 

Stein-Weiss operator is the solution of fractional Laplacian equations. In 
particular, Laplace equation is the special form. In Technology, Heat equation is 
one of the examples that conceive the Laplace equation. This result is one of the 
properties of the solution of fractional Laplacian equations.  

4.  Further Results and Concluding Remarks 
The necessary condition for boundedness of Stein-Weiss operator on Orlicz space 
is already presented in Theorem 1. Properties Eq. (7) give a little picture that leads 
us to appropriate Young’s function. Several examples such as power function can 
be obviously matched with Eq. (7), although some suitable function cannot be 
described concretely, such as ψ on the Eq. (9), we know the function is suitable. 
Since the Stein-Weiss Operator is the solution of fractional Laplacian equations, 
Eq. (7) is one of the properties. A similar method should be work for finding the 
boundedness of such an operator on Orlicz-Morrey spaces. 

As a recommendation for further study, we refer to [1-7] for finding various 
techniques  to develop our results. 
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