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Abstract

There are two types of Orlicz space already known, i.e namely discrete Orlicz
space and ‘continuous’ Orlicz space. Those spaces have been intensively studied
by many researchers in the last few decades. The aim of this paper is to define
discrete Orlicz-Morrey spaces as a generalization of discrete Orlicz space,
especially the structure of discrete Orlicz-Morrey spaces by using the Luxemburg
norm and computing the characteristic sequence norm as the keys for obtaining
the inclusion properties of discrete Orlicz-Morrey spaces. The main results of this
research are sufficient and necessary conditions for the inclusion properties of
these spaces. Based on our results, two discrete Orlicz-Morrey spaces are
comparable concerning Young’s function for integers set.

Keywords: Discrete Orlicz spaces, Discrete Orlicz-Morrey spaces, Inclusion
property, Luxemburg norm.
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1. Introduction

There are extension of Orlicz spaces and Morrey spaces i.e Orlicz-Morrey spaces.
Many mathematician have made important observations about Orlicz spaces and
Morrey spaces, for example [1-8]. Besides the ‘continuous’ Orlicz spaces and
‘continuous’ Morrey spaces, several authors have made studies about discrete
Orlicz spaces (see references [6, 9, 10]) and discrete Morrey spaces (see references
[11, 12]).

Recently, Gunawan et al. [12] showed the inclusion properties on generalized
discrete Morrey spaces and their weak type as in the following theorem.

Theorem 1.1. [12]. We let 1 < p; < p, < 0,¢; € G, and ¢, € G,. Then, statements
(1) through (5) are equivalent:

¢, S Py (on 2w + 1). Q)
b4, S Loy )
I ey = 1122 (on £52). )
Wl C Wiyl (5)
I ez = 1l 22 (on wef ) (6)

The related result in discrete Orlicz spaces can be found in reference [9]. Based
on these results, we are motivated to study the discrete Orlicz-Morrey space.
Especially, we examine the inclusion properties of these spaces. For related results
on the continuous version of Orlicz-Morrey spaces, we can see reference [13-15].
The novelty of this paper is to get the sufficient and necessary condition for
inclusion properties of discrete Orlicz-Morrey spaces. From our results, we would
like to find out what factors influence in the inclusion property of these spaces.

First, we rewrite the definition of Young’s function. A function ®: [0, »] -
[0, oo] is said to be Young’s function if it satisfies the following conditions:

a) Ptx+(A -y <td(x)+ (A -t)d()for0 <t <1.
b) & is continuous function
c) ®0)=0
d) }1_210 D(t) = oo.

Let @, W be Young’s function, we write ® < ¥ if ®(t) < W(Ct) for some
C>o0andallt > 0.

By supposing m€ZN € w:=NU{0} , we notate Sy i={m—
N,..,m,..,m+N}. Then, |S,,| = 2N + 1 for its cardinality of S,, y. Let G

denotes the set of all functions ¢:2w + 1 — (0,00) which fulfills ¢ as

. P(2N+1) . .
nondecreasmg and m as nonincreasing.
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For ¢4, ¢,: 2w + 1 — (0, 0), we write ¢p; < ¢, if a constant C > 0 is exist
such that p;(2M + 1) < Cp,(2M + 1) for all M € w. If ¢, < ¢, and ¢, < ¢4,
then we write ¢, = ¢,.

Now, we gave ® as a Young’s function and ¢ € G,. We state the discrete
Orlicz-Morrey spaces ¢4 ¢ (Z) as a set of sequences x = (x)y=,. By taking values
in Z such that for every m element of Z and N elemet of w, the following quantity
is finite.

. (2N+1) x|
Icllp oy = inffb > 0: 22Dy o (141) < 1} ©)

In the main section, we show the discrete Orlicz-Morrey spaces £ ¢, (Z) is a
Banach space equipped the norm of Ixlleyq = sup Il ¢, @,m,ny- - FOr
! MEZ,NEw

d(2M + 1) = 2M + 1, space £ ¢ (Z) is the discrete Orlicz space £ ¢, (Z). Aside
from that, for ®(t) = t?, the space ¢4 ¢ (Z) reduces to the generalized discrete
Morrey space £} (Z).

The next of part of this paper is to organize mathematical derivations and their
proofs. We present some lemmas which are useful for obtaining our results in
section 2. In section 3, the main results are presented (i.e. we state some of the
results regarding the inclusion property of Orlicz-Morrey discrete spaces). In this
paper, the letter A denotes a constant whose value that can be different for each
row. For constants with fixed values, we use subscripts such as A; and A,.

2. Research Methodology

To obtain our results, we use some lemmas as in the following.

Lemma 2.1. [13, 14, 16], we gave @ as a Young function and ®~1(a) :=
inf{r = 0: &(r) > a} for every s > 0. Then the followings hold:

1) ®10)=0
2 @ Yay) < P ay) for a; < a,.
B) @(PHa)<a<dYd(a))foro<a< .

(4) If for some constants C;, C, > 0, we have ®;1(s) < C;®71(C,s) and then

t
Cbl <_> S Czcbz(t)
&
for t = ®51(s). We use Lemma 2.1 for proving one of our results.

Lemma 2.2. we gave ® as a Young function and ¢ € G,. For m, € Z and N, €
w, let EMoNo e the characteristics sequence given by

1, if k € Sy N,
0, otherwise

EmO'NO = {
1

¢_1 |Sm,N| )
¢(2N0+1)|5m0,N0|

Then, we have [[E™o N0y ¢y =
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In the proof, we let Ag 1 5 = {b >0:0 (%) < ¢(2N+|’SV|N|} 3R,and
mo,Nog

— . |Sm,N| }
Bomn = {r > 0:d(r) > ey Ea . We observe that,

®2N +1 mo.No
”fmo'NOH(j),fb,‘rn.N =inf<b > 0:¥ z o (u> <1
|Smn| b

KESm N

d2N + 1)|S
_ inf{b 5 0 PN+ [Simon,| cp(l) < 1}
S|

. { _ (1) | S| }
=infib>0:Pd (=) <
b/ = ®@2N + 1)|Spmyn, |

= ian(D,m,N-

Meanwhile, & (oAl —inefr > 0: 0() > olmal_}

@(2N+1)|Smq,n,| @(2N+1)|Smq,n, |
1

|Sm,N|
¢(2N+1)|5m0.N0|

inf By 1, - By choosing b = ( > . By Lemma 2.1 (3), we have
-1

i) (%) = (CD‘l ( [Sm.n| )) < ISm.nl This shows that

P2N+1)|SmgNgl/ ) — P@N+D)|Smgn,|
1

mo,No < :
”E ”(1),(1),‘"1,1\] - _1< |S‘m,N| )

¢(2N+1)|Sm0,N0|

1 1

, we get ————
-1 [Sm,nl g ”me'NO”(p,n:p,m,N
¢(2N+1)|Sm0,N0|

Now, if [[EmoNol| g gy < >

CD_l ( |STn,N| )
D2N+1)|SmgNl /)

. N 1 [Smn| .
By using the definition of @ <—¢(2N+1)|Sm0,1v0|)’ there exists a7y € B v

1 _ |S N|
suchthat ————>nr, > ®! (*)
(G PP 1 ®(2N+1)|Smg,n,|
Since r; € Bg 1 v » We Obtain rl & Agmn, and it shows thatrl <
1 1

(1§ N0 || 4, @.m,v- This contradicts the fact that |[|E™o ||, 5, v > 7. Hence, we
1

|5m,N|

must have [|EmoNo|| g g,y =
o ISmnl
<¢(2N+1)|Sm0_1v0|

>, as desired.

Proposition 2.3. We gave @ as a Young function and ¢ € Gg. For m, € Z and
N, € w, we let ™oNo e the characteristics sequence given by

1, ifk € Sy w,
0, otherwise

. Then, we have ||f”“’""0||{;¢¢l> = ;1)

-1(— 1
@ (¢(2N0+1)

gmoo o= |
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In the proof, for any m, € Z and N, € w, by Lemma 2.2, we have

Mo.No = su mo.No = su L
”f ”{’d)'cp met, p ” E ” b, &, mN p ( |Sm,N| >

NeEw MELNEW p-1
¢(2N+1)|Sm0_N0|

1
=

> (gam 1)

Now, we prove [[§™oNo]|,, . < -

" (Ganern)

The case I: for N = N, we have

¢(2N +1) < $(2No+1) (2N, + 1)

AN+1 7 2Ng+1  [Spon,]
So we get,
1 2N +1 |Smn]

< = :
PNy + 1) ™ |Spowo|@(2N +1)  P@2N + 1)|Siny |

By Lemma 2.1 (2), we obtain

+Gamen) =" (sar i)
d(2N, + 1) DN + 1)[Smym, |
if and only if

1 1
<

Sm T - 1 '
* (CD(ZN |+ 1‘3V||Sm0,1v0|> > (¢(2N° + 1))

Case Il: For N < N,, we have ¢ (2N + 1) < ¢p(2N, + 1). It showed that

1 - 1 - 2N +1 3 |Smn ]
¢(2No+1) = ¢(2N +1) = 2Ny + DP(2No + 1) @(2Ng + 1)[Sng |

; -1 1 -1 S ;
By Lemma 2.1 (2), we obtain ¢ (¢(2N0+1)) <o <¢(2N+1)|Sm0,1v0|) if the

1 1
value < < )

S et B ¢ (Ganern

¢(2N+1)|Sm0,N0|

Since case | and Il are true for arbitrary m € Z, N € w, we have

ligmoNell,, , = sup [[g™oNo]|
fd)'q) mEZ,NpEa) é®mN

Journal of Engineering Science and Technology June 2021, Vol. 16(3)



Discrete Orlicz-Morrey Spaces and Their Inclusion Properties 2023

1 1

= sup < :
MmeZNEwW (I)_l < |Sm,1\]| ) (D—l ( 1 )
DN + 1)[Spy ] P(2Np +1)

3. Results and Discussion

First, we show || - ||g¢¢ that defines a norm on ¢, ,,(Z). For getting a result, we present
some lemmas in the following.

Lemma3.1. If x € £44(Z), then

d(2N +1) ||
Tl Z (nxnme)Sl

Foranym € Zand N € w. Futhermore, ||x||,¢my < 1ifand only if _(k €
Sun®(xg]) <1foranym € Zand N € w.

In the proof, we take an arbitrary x € £ 4,(Z) and € > 0, then there exists

®(2N+1) ||
be > 0 such that [|xllg,emn < be < lIxllgomn + € and S ZkesmNcb(b—’;) <

1 foranym € Zand N € w. Since @ is increasing, we have

$(2N +1) Z ( x| >S<I>(2N+1) (D(@)SL
|SmN| ”x”(;b,d),m,N |Sm,N| bf

kESmN

Since e > 0 is arbitrary, we conclude =——— ‘MZNH) Zkes o) (L) < 1. Next, if
Sm, mN = \lxllp,0,m,n

lx|l,pmny < 1foranym € Zand N € w, then

2N +1 2N +1
¢( +)Z¢(Ikl)_¢( +)Z ( || >31.

[Smal &2, [Sma 1],

¢(2N+1)

Now, we assume that ——— ZkESmN O(|x,|) < 1foranym € Zand N € w. Clearly,

we have [|x|| g o my < 1.

Lemma 3.2. Given @ is a young function, ¢ € G4, m € Zand N € w. Then the
statements (1) and (2) are equivalent:

P2N+1)
v &

ZkeSmN o (lxkl) < 1foreverya > 0.

) ||x||¢,q>,m,N =0.

In the proof, we assume that (1) holds. By definition of ||x|| ¢ m n, We have 0 <
1], @mn < € for every a > 0. This shows that [|x||4 ¢ m,n = 0. Suppose on the
contrary, that there exist a, > 0 such that

$EN +1) @ (M> > 1.

|Sm'"| KESm N %o
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By Lemma 3.1 we have |[x||¢,qmy = @ > 0. As consequence, we conclude

$(@2N+1) x|
v Zkesqu’( . ) < 1, in which this is for everya > 0.

Lemma 3.3. We gave @ as a Young function, ¢ € Gy, m € Zand N € w. Then
statements (1) and (2) are equivalent:

$(2N+1)
[Sm.nl

(1)

Yiesny P@lx]) = 0 forevery a > 0.

) ||x||¢,q>,m,N =0.

In the proof, we suppose that (1) holds. As before, we can obtain ||x||g,q,my = 0.
Now, suppose that (2) holds. Take an arbitrary 0 < € < 1. Since @ is convex
functions, we have

2N +1 2N +1
% PNEICERES: % > oD | <e

KESm N KESm N

Since 0 < e < 1is arbitrary, we can conclude that

2N +1
P Y et =0

KESm,N
We will use Lemma 3.3 to prove the following Proposition 3.4.

Proposition 3.4. We gave @ as a Young function and ¢ € Gg, the function || - ||€¢¢ is
anorm on {4 ,(Z). Moreover, £4 ,(Z) is a Banach space.

In the proof, it is clear ||x||g¢'¢ > 0and ||ax||[¢,¢ = |a|||x||[¢’¢ for every x € £,,(Z) and
a € Z. Now, we will show ||x||g¢v¢ = 0iff x = 0.1fx = 0, then we get ||x||g¢v¢ =0.We
let ||x||g¢¢ = 0, then ||x[|g,o,my = Oisfor everym € Zand N € w. By Lemma 3.3., we

have "’f”*“ Skesyy P(@lxi]) = 0. In fact, (2N + 1), |S,,v|, and & has

positive values, we have x;, = 0 for every k € S, y. Sincem € Zand N € w are
arbitrary, we have x = 0.
Next, we will show [lx; + x,l¢,,,, < ||x1||€¢’¢ + 1x2lle,, TOr every x, x, € £4,4(Z).

We letx, = (xlyk):)=1 and x, = (xzyk):)=1 be elements of ¢4 ¢,. Foranym € Zand N €
w, we get

Z @ ( |21 1 + %k >
[lx1 lg,0mn + 112211, 0,mn

KESmn

I1o¢; 1l ,0,m, 3 ||

2
> -
£ [l llg0mn + 122Mlg@mn il g@mn

KESmN
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2 I1%ill p,0,m.n e [Smn]
<37, ( Skesn @ < ol

111l p,0,m,nH %2l p,00,m, N l1xillp,0,m,n

or, wzkesqu,( [CFAIC2YA] )gl, By definition of

[Sm.n] 111l p,0,m N+ I1x2 ]l p,0,m, N
lx1 + %2l @mn» WE have [[x; + X351l g o mn < X1l p0mn T+ 1X21l4,0mn- BY
taking supremum over m € Z and N € w, we conclude that ||x; + x2”t’¢¢ <

Ix1llegq + llx2lle, o, fOr every xq, x, € £ 0 (Z).

Now we come to inclusion of (strong) discrete Orlicz-Morrey spaces in the
following.

Theorem 3.5. Let @4, @, be Young’s functions and ¢,, ¢, € G4 such that
¢, < ¢,. Then statements (1) through (3) are equivalent:

(1) ¢1 < ¢..
Q) €4,0,(Z) € 4y, 0, (Z).

3) ||x||1g¢1‘d)1 < Cllxll%zﬁb2 , forsome C > 0 and every x € £, ¢, (Z).

In the proof, first, we will prove that (1) implies (2). Let x € £, ,(Z). Since
@, < ®, and ¢; < ¢, , there exist C;,C, > 0 such that ®,(t) < &,(C,t) for
every t > 0and ¢, (2N + 1) < C,¢p,(2N + 1) forevery N € w. For everym € Z
and N € w, we consider two cases in the following

Case I: For 0 < C, < 1, we have

$1(2N +1) ®, ( | x| )

|Sm,N| C1||x||¢2,q>2,m,1v

k€Sm,N
< 1( ) IZ( 1| kl )

- |5m,1v| Cillxl gy 05,m,n

KESm N

Co¢p2(2N+1) ( || )
< 2P O, (—
S| Liesma P2 10l om0

¢2(2N+1) [xk|
< Z—Zkesm,N @, (x—k) <1.

|Sm,n| 1Nl ¢y 05, m,N

Case II: For C, > 1, we have

$:(2N +1) ( [ | )
|S‘m,N| kSN ! G Gollx Nl gy m,n
< $1(2N +1) ( Cilxi| )
a |5m,1v| KESmn 2 C1C2||x||¢2,q>2,m,1v
$1(2N+1) x|
< - R v, 4
= C|Smn| Zkesm,N ®, <||x||¢2,<l>2,m,N)
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(2N+1) |xk|
<& Ykespy P2 (x—k) <L

[Sm.nl 1xll ¢y 00, m,N

By definition of [|lx|| ¢, &, mn. We have [Ix|lg, o, my <
max{1, C;} x|l ¢,,a,mn- By taking supremum over m € Z and N € w, we
<
conclude that ||x||{;¢1"Tl>1 < max{l,Cz}llxll%z'cpz.

This proves that £, ¢, (Z) € ¢, o, (Z). Next, since £, ¢, (Z) and
€4, 0, (Z) are Banach space, by using Lemma 3.3 in reference [17] we have (2)
and (3) are equivalent. We assume that above equation holds. Let m, € Z and
N, € w. By Proposition 2.3, we have

1

= [lemooll,, . < Cllem™Moll,,

o (5@m D)

" (5w D)

1
¢$2(2Ng+1)

C

1

Hence, we can get &, ( 91ZNo+ D)
1 0

) < CP;? ( ) By Lemma 2.1 (4),

we have
to
D (E) < D, (ty),

— -1 1 i i H
where t, = @; (¢2(2N0+1)). Since Ny € w > 0 is arbitrary, we conclude that
@, (t) < ©,(Ct) forevery t > 0, as desired.

4, Conclusion

We have shown the inclusion properties of discrete Orlicz-Morrey spaces, by using
the norm of the characteristic sequences in Z. as our final conclusion, we can state
thet the condition @ 1<® 2 is sufficient and necessary conditions of inclusion
properties on these spaces. There are some versions of continuous Orlicz-Morrey
spaces already known. In the next research, we may obtain the necessary and
sufficient conditions of inclusion on discrete Olicz-Morrey spaces and develop to
patch current weak type.
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	Lemma 3.2. Given Φ is a young function, 𝜙∈,𝐺-𝜙., 𝑚∈ℤ and 𝑁∈𝜔. Then the statements (1) and (2) are equivalent:

