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Abstract 

There are two types of Orlicz space already known, i.e namely discrete Orlicz 
space and ‘continuous’ Orlicz space. Those spaces have been intensively studied 
by many researchers in the last few decades. The aim of this paper is to define 
discrete Orlicz-Morrey spaces as a generalization of discrete Orlicz space, 
especially the structure of discrete Orlicz-Morrey spaces by using the Luxemburg 
norm and computing the characteristic sequence norm as the keys for obtaining 
the inclusion properties of discrete Orlicz-Morrey spaces. The main results of this 
research are sufficient and necessary conditions for the inclusion properties of 
these spaces. Based on our results, two discrete Orlicz-Morrey spaces are 
comparable concerning Young’s function for integers set. 

Keywords: Discrete Orlicz spaces, Discrete Orlicz-Morrey spaces, Inclusion 
property, Luxemburg norm. 
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1.  Introduction 
There are extension of Orlicz spaces and Morrey spaces i.e Orlicz-Morrey spaces. 
Many mathematician have made important observations about Orlicz spaces and 
Morrey spaces, for example [1-8]. Besides the ‘continuous’ Orlicz spaces and 
‘continuous’ Morrey spaces, several authors have made studies about discrete 
Orlicz spaces (see references [6, 9, 10]) and discrete Morrey spaces (see references 
[11, 12]). 

Recently, Gunawan et al. [12] showed the inclusion properties on generalized 
discrete Morrey spaces and their weak type as in the following theorem.  

Theorem 1.1. [12]. We let 1 ≤ 𝑝𝑝1 ≤ 𝑝𝑝2 < ∞,𝜙𝜙1 ∈ 𝒢𝒢1 and 𝜙𝜙2 ∈ 𝒢𝒢2. Then, statements 
(1) through (5) are equivalent: 

𝜙𝜙2 ≲ 𝜙𝜙1 (𝑜𝑜𝑜𝑜 2𝜔𝜔 + 1).                                    (1) 

ℓ𝜙𝜙2
𝑝𝑝2 ⊆ ℓ𝜙𝜙1

𝑝𝑝1 .                                                    (2) 

‖ ⋅ ‖ℓ𝜙𝜙1
𝑝𝑝1 ≲ ‖⋅‖ℓ𝜙𝜙2

𝑝𝑝2 �𝑜𝑜𝑜𝑜 ℓ𝜙𝜙2
𝑝𝑝2 � .                   (3) 

𝜔𝜔ℓ𝜙𝜙2
𝑝𝑝2 ⊆ 𝜔𝜔ℓ𝜙𝜙1

𝑝𝑝1 .                                    (5) 

‖ ⋅ ‖ℓ𝜙𝜙1
𝑝𝑝1 ≲ ‖⋅‖ℓ𝜙𝜙2

𝑝𝑝2 �𝑜𝑜𝑜𝑜 𝜔𝜔ℓ𝜙𝜙2
𝑝𝑝2 �.                                  (6) 

The related result in discrete Orlicz spaces can be found in reference [9]. Based 
on these results, we are motivated to study the discrete Orlicz-Morrey space. 
Especially, we examine the inclusion properties of these spaces. For related results 
on the continuous version of Orlicz-Morrey spaces, we can see reference [13-15]. 
The novelty of this paper is to get the sufficient and necessary condition for 
inclusion properties of discrete Orlicz-Morrey spaces. From our results, we would 
like to find out what factors influence in the inclusion property of these spaces. 

First, we rewrite the definition of Young’s function. A function Φ: [0,∞] →
[0,∞] is said to be Young’s function if it satisfies the following conditions: 
a) Φ(𝑡𝑡𝑡𝑡 + (1 − 𝑡𝑡)𝑦𝑦) ≤ 𝑡𝑡Φ(𝑥𝑥) + (1 − 𝑡𝑡)Φ(𝑦𝑦) for 0 ≤ 𝑡𝑡 ≤ 1. 
b) Φ is continuous function 
c)  Φ(0) = 0 
d)  lim

𝑡𝑡→∞
Φ(𝑡𝑡) = ∞.  

Let Φ, Ψ be Young’s function, we write Φ ≺ Ψ if Φ(𝑡𝑡) ≤ Ψ(𝐶𝐶𝐶𝐶) for some 
𝐶𝐶 > 0 and all 𝑡𝑡 > 0. 

By supposing 𝑚𝑚 ∈ ℤ,𝑁𝑁 ∈ 𝜔𝜔 ≔ ℕ ∪ {0} , we notate  𝑆𝑆𝑚𝑚,𝑁𝑁 ∶= {𝑚𝑚 −
𝑁𝑁, … ,𝑚𝑚, … ,𝑚𝑚 + 𝑁𝑁}. Then, �𝑆𝑆𝑚𝑚,𝑛𝑛� = 2𝑁𝑁 + 1 for its cardinality of 𝑆𝑆𝑚𝑚,𝑁𝑁 . Let 𝐺𝐺𝜙𝜙 
denotes the set of all functions 𝜙𝜙: 2𝜔𝜔 + 1 → (0,∞)  which fulfills 𝜙𝜙  as 
nondecreasing and 𝜙𝜙(2𝑁𝑁+1)

2𝑁𝑁+1
 as nonincreasing. 
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For 𝜙𝜙1,𝜙𝜙2: 2𝜔𝜔 + 1 → (0,∞),  we write 𝜙𝜙1 ≼ 𝜙𝜙2  if a constant 𝐶𝐶 > 0 is exist 
such that 𝜙𝜙1(2𝑀𝑀 + 1) ≤ 𝐶𝐶𝜙𝜙2(2𝑀𝑀 + 1) for all 𝑀𝑀 ∈ 𝜔𝜔. If 𝜙𝜙1 ≼ 𝜙𝜙2  and 𝜙𝜙2 ≼ 𝜙𝜙1 , 
then we write 𝜙𝜙1 ≈ 𝜙𝜙2.  

Now, we gave Φ as a Young’s function and 𝜙𝜙 ∈ 𝐺𝐺𝜙𝜙 . We state the discrete 
Orlicz-Morrey spaces ℓ𝜙𝜙,Φ(ℤ) as a set of sequences 𝑥𝑥 = (𝑥𝑥𝑘𝑘)𝑘𝑘=1∞ . By taking values 
in ℤ such that for every 𝑚𝑚 element of ℤ and 𝑁𝑁 elemet of 𝜔𝜔, the following quantity 
is finite. 

‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≔ inf �𝑏𝑏 > 0: 𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ �|𝑥𝑥𝑘𝑘|
𝑏𝑏
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1�             (6) 

In the main section, we show the discrete Orlicz-Morrey spaces ℓ𝜙𝜙,Φ(ℤ) is a 
Banach space equipped the norm of ‖𝑥𝑥‖ℓ𝜙𝜙,Φ ≔ sup

𝑚𝑚∈ℤ,𝑁𝑁∈𝜔𝜔
‖𝑥𝑥‖(𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁). . For 

𝜙𝜙(2𝑀𝑀 + 1) = 2𝑀𝑀 + 1, space ℓ𝜙𝜙,Φ(ℤ) is the discrete Orlicz space ℓ𝜙𝜙,Φ(ℤ). Aside 
from that, for Φ(𝑡𝑡) = 𝑡𝑡𝑝𝑝 , the space ℓ𝜙𝜙,Φ(ℤ) reduces to the generalized discrete 
Morrey space ℓ𝜙𝜙

𝑝𝑝 (ℤ). 

The next of part of this paper is to organize mathematical derivations and their 
proofs. We present some lemmas which are useful for obtaining our results in 
section 2. In section 3, the main results are presented (i.e. we state some of the 
results regarding the inclusion property of Orlicz-Morrey discrete spaces). In this 
paper, the letter 𝐴𝐴 denotes a constant whose value that can be different for each 
row. For constants with fixed values, we use subscripts such as 𝐴𝐴1 and 𝐴𝐴2. 
2.  Research Methodology 
To obtain our results, we use some lemmas as in the following. 

Lemma 2.1. [13, 14, 16], we gave 𝛷𝛷 as a Young function and Φ−1(𝑎𝑎) ≔
inf{𝑟𝑟 ≥ 0 ∶  𝛷𝛷(𝑟𝑟) > 𝑎𝑎} for every 𝑠𝑠 ≥ 0. Then the followings hold: 

(1) Φ−1(0) = 0  

(2) Φ−1(𝑎𝑎1) ≤ Φ−1(𝑎𝑎2) for 𝑎𝑎1 ≤ 𝑎𝑎2. 

(3) Φ�Φ−1(𝑎𝑎)� ≤ 𝑎𝑎 ≤ Φ−1�Φ(𝑎𝑎)� for 0 ≤ 𝑎𝑎 < ∞. 

(4) If for some constants 𝐶𝐶1,𝐶𝐶2 > 0, we have Φ2
−1(𝑠𝑠) ≤ 𝐶𝐶1Φ1

−1(𝐶𝐶2𝑠𝑠)   and then 

Φ1 �
𝑡𝑡
𝐶𝐶1
� ≤ 𝐶𝐶2Φ2(𝑡𝑡) 

for 𝑡𝑡 = Φ2
−1(𝑠𝑠). We use Lemma 2.1 for proving one of our results.  

Lemma 2.2.  we gave Φ as a Young function and 𝜙𝜙 ∈ 𝐺𝐺𝜙𝜙. For 𝑚𝑚0 ∈ ℤ and 𝑁𝑁0 ∈
𝜔𝜔, let 𝜉𝜉𝑚𝑚0,𝑁𝑁0 be the characteristics sequence given by 

𝜉𝜉𝑚𝑚0,𝑁𝑁0 ≔  �
1, if 𝑘𝑘 ∈ 𝑆𝑆𝑚𝑚0,𝑁𝑁0
0, otherwise

 

Then, we have ‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 1

𝜙𝜙−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

𝜙𝜙(2𝑁𝑁0+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
  . 
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In the proof, we let 𝐴𝐴Φ,𝑚𝑚,𝑛𝑛 ≔ �𝑏𝑏 > 0:Φ�1
𝑏𝑏
� ≤ �𝑆𝑆𝑚𝑚,𝑁𝑁�

𝜙𝜙(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
� 3 𝑅𝑅 , and 

𝐵𝐵Φ,𝑚𝑚,𝑛𝑛 ≔ �𝑟𝑟 > 0:Φ(𝑟𝑟) > �𝑆𝑆𝑚𝑚,𝑁𝑁�
𝜙𝜙(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

�. We observe that, 

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = inf�𝑏𝑏 > 0:
Φ(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ�
|𝜉𝜉𝑚𝑚0,𝑁𝑁0|

𝑏𝑏
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤ 1� 

                               = inf �𝑏𝑏 > 0:
Φ(2𝑁𝑁 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

�𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ �

1
𝑏𝑏
� ≤ 1� 

                                = inf �𝑏𝑏 > 0:Φ�
1
𝑏𝑏
� ≤

�𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

� 

                                 = inf𝐴𝐴Φ,𝑚𝑚,𝑁𝑁 .                                        

Meanwhile, Φ−1 � �𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

� = inf �𝑟𝑟 ≥ 0: Φ(𝑟𝑟) > �𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

� =

inf𝐵𝐵Φ,𝑚𝑚,𝑁𝑁. By choosing 𝑏𝑏 = 1

Φ−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
 . By Lemma 2.1 (3), we have 

Φ�1
𝑏𝑏
� = Φ�Φ−1 � �𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�� ≤ �𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0 ,𝑁𝑁0�
. This shows that  

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤
1

Φ−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
. 

Now, if  ‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 < 1

Φ−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
, we get  1

�𝜉𝜉𝑚𝑚0,𝑁𝑁0�𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
>

Φ−1 � �𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

�. 

By using the definition of Φ−1 � �𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

�, there exists a 𝑟𝑟1 ∈ 𝐵𝐵Φ,𝑚𝑚,𝑁𝑁 

such that  1
�𝜉𝜉𝑚𝑚0,𝑁𝑁0�𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁

> 𝑟𝑟1 ≥ Φ−1 � �𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

�. 

Since 𝑟𝑟1 ∈ 𝐵𝐵Φ,𝑚𝑚,𝑁𝑁 , we obtain 1
𝑟𝑟1
∉ 𝐴𝐴Φ,𝑚𝑚,𝑁𝑁, and it shows that 1

𝑟𝑟1
≤

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁. This contradicts the fact that ‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 > 𝑟𝑟1. Hence, we 
must have ‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 1

Φ−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
, as desired. 

Proposition 2.3. We gave 𝛷𝛷 as a Young function and 𝜙𝜙 ∈ 𝐺𝐺𝜙𝜙. For 𝑚𝑚0 ∈ ℤ and 
𝑁𝑁0 ∈ 𝜔𝜔, we let 𝜉𝜉𝑚𝑚0,𝑁𝑁0 be the characteristics sequence given by 

𝜉𝜉𝑚𝑚0,𝑁𝑁0 ≔  �
1, if 𝑘𝑘 ∈ 𝑆𝑆𝑚𝑚0,𝑁𝑁0
0, otherwise

. Then, we have  ‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖ℓ𝜙𝜙,Φ = 1

Φ−1� 1
Φ(2𝑁𝑁0+1)�

. 
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In the proof, for any 𝑚𝑚0 ∈ ℤ and 𝑁𝑁0 ∈ 𝜔𝜔, by Lemma 2.2, we have 

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖ℓ𝜙𝜙,Φ = sup
𝑚𝑚∈ℤ,𝑁𝑁∈𝜔𝜔

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁  = sup
𝑚𝑚∈ℤ,𝑁𝑁∈𝜔𝜔

1

Φ−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
   

≥
1

Φ−1 � 1
Φ(2𝑁𝑁0 + 1)�

.                              

Now, we prove ‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖ℓ𝜙𝜙,Φ ≤ 1

Φ−1� 1
Φ(2𝑁𝑁0+1)�

. 

The case I: for 𝑁𝑁 ≥ 𝑁𝑁0, we have  

𝜙𝜙(2𝑁𝑁 + 1)
2𝑁𝑁 + 1

≤
𝜙𝜙(2𝑁𝑁0 + 1)

2𝑁𝑁0 + 1
=
𝜙𝜙(2𝑁𝑁0 + 1)
�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

. 

So we get,  

1
𝜙𝜙(2𝑁𝑁0 + 1) ≤

2𝑁𝑁 + 1
�𝑆𝑆𝑚𝑚0,𝑁𝑁0�𝜙𝜙(2𝑁𝑁 + 1)

=
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
. 

By Lemma 2.1 (2), we obtain 

𝜙𝜙−1 �
1

𝜙𝜙(2𝑁𝑁0 + 1)� ≤ Φ−1 �
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
� 

if and only if 

1

Φ−1 �
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
≤

1

𝜙𝜙−1 � 1
𝜙𝜙(2𝑁𝑁0 + 1)�

. 

Case II: For 𝑁𝑁 < 𝑁𝑁0, we have 𝜙𝜙(2𝑁𝑁 + 1) ≤ 𝜙𝜙(2𝑁𝑁0 + 1). It showed that 

1
𝜙𝜙(2𝑁𝑁0 + 1) ≤

1
𝜙𝜙(2𝑁𝑁 + 1) ≤

2𝑁𝑁 + 1
(2𝑁𝑁0 + 1)𝜙𝜙(2𝑁𝑁0 + 1) =

�𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁0 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

. 

By Lemma 2.1 (2), we obtain  𝜙𝜙−1 � 1
𝜙𝜙(2𝑁𝑁0+1)

� ≤ Φ−1 � �𝑆𝑆𝑚𝑚,𝑁𝑁�
Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�

� if the 

value   1

Φ−1�
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁+1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�
≤ 1

𝜙𝜙−1� 1
𝜙𝜙(2𝑁𝑁0+1)�

. 

Since case I and II are true for arbitrary 𝑚𝑚 ∈ ℤ,𝑁𝑁 ∈ 𝜔𝜔, we have 

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖ℓ𝜙𝜙,Φ = sup
𝑚𝑚∈ℤ,𝑁𝑁∈𝜔𝜔

‖𝜉𝜉𝑚𝑚0,𝑁𝑁0‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁                                                
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           = sup
𝑚𝑚∈ℤ,𝑁𝑁∈𝜔𝜔

1

Φ−1 �
�𝑆𝑆𝑚𝑚,𝑁𝑁�

Φ(2𝑁𝑁 + 1)�𝑆𝑆𝑚𝑚0,𝑁𝑁0�
�

 ≤
1

Φ−1 � 1
Φ(2𝑁𝑁0 + 1)�

,                                         

3.  Results and Discussion 
First, we show  ‖ ⋅ ‖ℓ𝜙𝜙,Φ   that defines a norm on ℓ𝜙𝜙,Φ(ℤ). For getting a result, we present 
some lemmas in the following. 

Lemma 3.1. If  𝑥𝑥 ∈ ℓ𝜙𝜙,Φ(ℤ), then 

𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ�
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤ 1 

For any 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. Futhermore, ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤ 1 if and only if ∑_(𝑘𝑘 ∈
𝑆𝑆𝑚𝑚,𝑁𝑁Φ(|𝑥𝑥𝑘𝑘|) ≤ 1 for any 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. 

In the proof, we take an arbitrary 𝑥𝑥 ∈ ℓ𝜙𝜙,Φ(ℤ) and 𝜖𝜖 > 0, then there exists 
𝑏𝑏𝜖𝜖 > 0 such that ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤ 𝑏𝑏𝜖𝜖 ≤ ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 + 𝜖𝜖 and Φ(2𝑁𝑁+1)

�𝑆𝑆𝑚𝑚,𝑁𝑁�
∑ Φ �|𝑥𝑥𝑘𝑘|

𝑏𝑏𝜖𝜖
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤

1 for any 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. Since Φ is increasing, we have 

𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ�
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤
Φ(2𝑁𝑁 + 1)

�𝑆𝑆𝑚𝑚,𝑁𝑁�
� Φ�

|𝑥𝑥𝑘𝑘|
𝑏𝑏𝜖𝜖

�
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤ 1. 

Since 𝜖𝜖 > 0   is arbitrary, we conclude 𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ � |𝑥𝑥𝑘𝑘|
‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁

�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1. Next, if 

‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤ 1 for any 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔, then 

𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ(|𝑥𝑥𝑘𝑘|)
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤
𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ�
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤ 1. 

Now, we assume that 𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ(|𝑥𝑥𝑘𝑘|)𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1 for any 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. Clearly, 

we have ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤ 1. 

Lemma 3.2. Given Φ is a young function, 𝜙𝜙 ∈ 𝐺𝐺𝜙𝜙 ,𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. Then the 
statements (1) and (2) are equivalent: 

(1) 𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ �|𝑥𝑥𝑘𝑘|
𝑎𝑎
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1 for every 𝑎𝑎 > 0. 

(2) ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 0. 

In the proof, we assume that (1) holds. By definition of ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁, we have 0 ≤
‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤ 𝜖𝜖 for every 𝑎𝑎 > 0. This shows that ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 0. Suppose on the 
contrary, that there exist 𝑎𝑎0 > 0 such that  

𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

� Φ�
|𝑥𝑥𝑘𝑘|
𝑎𝑎0

�
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

> 1. 
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By Lemma 3.1 we have ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≥ 𝑎𝑎0 > 0. As consequence, we conclude 
𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

∑ Φ�|𝑥𝑥𝑘𝑘|
𝑎𝑎
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1, in which this is for every 𝑎𝑎 > 0.  

Lemma 3.3. We gave Φ as a Young function, 𝜙𝜙 ∈ 𝐺𝐺𝜙𝜙 ,𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. Then 
statements (1) and (2) are equivalent: 

(1) 𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

∑ Φ(𝛼𝛼|𝑥𝑥𝑘𝑘|)𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 = 0 for every 𝛼𝛼 > 0. 

(2) ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 0. 

In the proof, we suppose that (1) holds. As before, we can obtain ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 0. 
Now, suppose that (2)  holds. Take an arbitrary 0 < 𝜖𝜖 ≤ 1 . Since Φ  is convex 
functions, we have 

𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

� Φ(𝛼𝛼|𝑥𝑥𝑘𝑘|)
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤ 𝜖𝜖 �
𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

� Φ(𝛼𝛼|𝑥𝑥𝑘𝑘|)
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

� ≤ 𝜖𝜖. 

Since  0 < 𝜖𝜖 ≤ 1 is arbitrary, we can conclude that  

𝜙𝜙(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

� Φ(𝛼𝛼|𝑥𝑥𝑘𝑘|)
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

= 0. 

We will use Lemma 3.3 to prove the following Proposition 3.4. 

Proposition 3.4. We gave Φ as a Young function and 𝜙𝜙 ∈ 𝐺𝐺𝜙𝜙, the function ‖ ⋅ ‖ℓ𝜙𝜙,Φ  is 
a norm on ℓ𝜙𝜙,Φ(ℤ). Moreover, ℓ𝜙𝜙,Φ(ℤ) is a Banach space. 

In the proof, it is clear ‖𝑥𝑥‖ℓ𝜙𝜙,Φ ≥ 0 and ‖𝑎𝑎𝑎𝑎‖ℓ𝜙𝜙,Φ = |𝑎𝑎|‖𝑥𝑥‖ℓ𝜙𝜙,Φ  for every 𝑥𝑥 ∈ ℓ𝜙𝜙,Φ(ℤ) and 
𝑎𝑎 ∈ ℤ. Now, we will show ‖𝑥𝑥‖ℓ𝜙𝜙,Φ = 0 iff  𝑥𝑥 = 0. If 𝑥𝑥 = 0, then we get ‖𝑥𝑥‖ℓ𝜙𝜙,Φ = 0. We 
let ‖𝑥𝑥‖ℓ𝜙𝜙,Φ = 0, then ‖𝑥𝑥‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 = 0 is for every 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔. By Lemma 3.3., we 

have 𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑛𝑛�

∑ Φ(𝛼𝛼|𝑥𝑥𝑘𝑘|)𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 = 0. In fact, 𝜙𝜙(2𝑁𝑁 + 1), �𝑆𝑆𝑚𝑚,𝑁𝑁�, and Φ has 

positive values, we have 𝑥𝑥𝑘𝑘 = 0 for every 𝑘𝑘 ∈ 𝑆𝑆𝑚𝑚,𝑁𝑁. Since 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔 are 
arbitrary, we have 𝑥𝑥 = 0. 

Next, we will show ‖𝑥𝑥1 + 𝑥𝑥2‖ℓ𝜙𝜙,Φ ≤ ‖𝑥𝑥1‖ℓ𝜙𝜙,Φ + ‖𝑥𝑥2‖ℓ𝜙𝜙,Φ  for every 𝑥𝑥1, 𝑥𝑥2 ∈ ℓ𝜙𝜙,Φ(ℤ). 
We let 𝑥𝑥1 = �𝑥𝑥1,𝑘𝑘�𝑘𝑘=1

∞
 and 𝑥𝑥2 = �𝑥𝑥2,𝑘𝑘�𝑘𝑘=1

∞
 be elements of ℓ𝜙𝜙,Φ. For any 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈

𝜔𝜔, we get 

� Φ�
�𝑥𝑥1,𝑘𝑘 + 𝑥𝑥2,𝑘𝑘�

‖𝑥𝑥1‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 + ‖𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤ � Φ��
‖𝑥𝑥𝑖𝑖‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁

‖𝑥𝑥1‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 + ‖𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
⋅

�𝑥𝑥𝑖𝑖,𝑘𝑘�
‖𝑥𝑥𝑖𝑖‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁

 
2

𝑖𝑖=1

�
𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁
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     ≤ ∑ �
‖𝑥𝑥𝑖𝑖‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁

‖𝑥𝑥1‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁+‖𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
∑ Φ� �𝑥𝑥𝑖𝑖,𝑘𝑘�

‖𝑥𝑥𝑖𝑖‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 � 2

𝑖𝑖=1 ≤ �𝑆𝑆𝑚𝑚,𝑁𝑁�
𝜙𝜙(2𝑁𝑁+1) 

Or,  𝜙𝜙(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ� ��𝑥𝑥1,𝑘𝑘��𝑥𝑥2,𝑘𝑘��
‖𝑥𝑥1‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁+‖𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁

�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1. By definition of 

‖𝑥𝑥1 + 𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁, we have ‖𝑥𝑥1 + 𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 ≤ ‖𝑥𝑥1‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁 + ‖𝑥𝑥2‖𝜙𝜙,Φ,𝑚𝑚,𝑁𝑁. By 
taking supremum over 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔, we conclude that ‖𝑥𝑥1 + 𝑥𝑥2‖ℓ𝜙𝜙,Φ ≤
‖𝑥𝑥1‖ℓ𝜙𝜙,Φ + ‖𝑥𝑥2‖ℓ𝜙𝜙,Φ for every 𝑥𝑥1, 𝑥𝑥2 ∈ ℓ𝜙𝜙,Φ(ℤ).  

Now we come to inclusion of (strong) discrete Orlicz-Morrey spaces in the 
following. 

Theorem 3.5. Let Φ1,Φ2 be Young’s functions and 𝜙𝜙1,𝜙𝜙2 ∈ 𝐺𝐺𝜙𝜙 such that 
𝜙𝜙1 ≼ 𝜙𝜙2. Then statements (1) through (3) are equivalent: 

(1) 𝜙𝜙1 ≺ 𝜙𝜙2. 

(2) ℓ𝜙𝜙2,Φ2(ℤ) ⊆ ℓ𝜙𝜙1,Φ1(ℤ). 

(3) ‖𝑥𝑥‖ℓ𝜙𝜙1,Φ1  ≤ 𝐶𝐶‖𝑥𝑥‖ℓ𝜙𝜙2,Φ2  , for some 𝐶𝐶 > 0 and every 𝑥𝑥 ∈ ℓ𝜙𝜙2,Φ2(ℤ). 

In the proof, first, we will prove that (1) implies (2). Let 𝑥𝑥 ∈ ℓ𝜙𝜙2,Φ2(ℤ). Since 
Φ1 ≺ Φ2  and 𝜙𝜙1 ≼ 𝜙𝜙2  , there exist 𝐶𝐶1,𝐶𝐶2 > 0  such that Φ1(𝑡𝑡) ≤ Φ2(𝐶𝐶1𝑡𝑡)  for 
every 𝑡𝑡 > 0 and 𝜙𝜙1(2𝑁𝑁 + 1) ≤ 𝐶𝐶2𝜙𝜙2(2𝑁𝑁 + 1) for every 𝑁𝑁 ∈ 𝜔𝜔. For every 𝑚𝑚 ∈ ℤ 
and 𝑁𝑁 ∈ 𝜔𝜔, we consider two cases in the following 

 Case I: For 0 < 𝐶𝐶2 ≤ 1, we have 

𝜙𝜙1(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ1 �
|𝑥𝑥𝑘𝑘|

𝐶𝐶1‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤
𝜙𝜙1(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ2 �
𝐶𝐶1|𝑥𝑥𝑘𝑘|

𝐶𝐶1‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

 

  ≤ 𝐶𝐶2𝜙𝜙2(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ2 �
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁  

  ≤ 𝜙𝜙2(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ2 �
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1. 

Case II: For 𝐶𝐶2 > 1, we have 

𝜙𝜙1(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ1 �
|𝑥𝑥𝑘𝑘|

𝐶𝐶1𝐶𝐶2‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

≤
𝜙𝜙1(2𝑁𝑁 + 1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

� Φ2 �
𝐶𝐶1|𝑥𝑥𝑘𝑘|

𝐶𝐶1𝐶𝐶2‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�

𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁

 

                            ≤ 𝜙𝜙1(2𝑁𝑁+1)
𝐶𝐶2�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ2 �
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁  
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                          ≤ 𝜙𝜙1(2𝑁𝑁+1)
�𝑆𝑆𝑚𝑚,𝑁𝑁�

∑ Φ2 �
|𝑥𝑥𝑘𝑘|

‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁
�𝑘𝑘∈𝑆𝑆𝑚𝑚,𝑁𝑁 ≤ 1. 

By definition of ‖𝑥𝑥‖𝜙𝜙1,Φ1,𝑚𝑚,𝑁𝑁, we have ‖𝑥𝑥‖𝜙𝜙1,Φ1,𝑚𝑚,𝑁𝑁 ≤
max{1,𝐶𝐶2} ‖𝑥𝑥‖𝜙𝜙2,Φ2,𝑚𝑚,𝑁𝑁. By taking supremum over 𝑚𝑚 ∈ ℤ and 𝑁𝑁 ∈ 𝜔𝜔, we 
conclude that  ‖𝑥𝑥‖ℓ𝜙𝜙1 ,Φ1

≤ max{1,𝐶𝐶2} ‖𝑥𝑥‖ℓ𝜙𝜙2,Φ2
. 

This proves that ℓ𝜙𝜙2,Φ2(ℤ) ⊆ ℓ𝜙𝜙1,Φ1(ℤ). Next, since ℓ𝜙𝜙2,Φ2(ℤ) and 
ℓ𝜙𝜙1,Φ1(ℤ) are  Banach space, by using Lemma 3.3 in reference [17] we have (2) 
and (3) are equivalent. We assume that  above equation holds. Let 𝑚𝑚0 ∈ ℤ and 
𝑁𝑁0 ∈ 𝜔𝜔. By Proposition 2.3, we have 

1

Φ1
−1 � 1

𝜙𝜙1(2𝑁𝑁0 + 1)�
= ‖𝜖𝜖𝑚𝑚0,𝑁𝑁0‖ℓ𝜙𝜙1,Φ1

≤ 𝐶𝐶‖𝜖𝜖𝑚𝑚0,𝑁𝑁0‖ℓ𝜙𝜙2,Φ2

=
𝐶𝐶

Φ2
−1 � 1

𝜙𝜙2(2𝑁𝑁0 + 1)�
, 

Hence, we can get Φ2
−1 � 1

𝜙𝜙2(2𝑁𝑁0+1)
� ≤ 𝐶𝐶Φ1

−1 � 1
𝜙𝜙1(2𝑁𝑁0+1)

�. By Lemma 2.1 (4), 
we have 

Φ1 �
𝑡𝑡0
𝐶𝐶
� ≤ Φ2(𝑡𝑡0), 

where 𝑡𝑡0 = Φ2
−1 � 1

𝜙𝜙2(2𝑁𝑁0+1)
�. Since 𝑁𝑁0 ∈ 𝜔𝜔 > 0 is arbitrary, we conclude that 

Φ1(𝑡𝑡) ≤ Φ2(𝐶𝐶𝐶𝐶) for every 𝑡𝑡 > 0, as desired.  

4.  Conclusion 
We have shown the inclusion properties of discrete Orlicz-Morrey spaces, by using 
the norm of the characteristic sequences in Z. as our final conclusion, we can state 
thet the condition Φ_1≺Φ_2 is sufficient and necessary conditions of inclusion 
properties on these spaces. There are some versions of continuous Orlicz-Morrey 
spaces already known. In the next research, we may obtain the necessary and 
sufficient conditions of inclusion on discrete Olicz-Morrey spaces and develop to 
patch current weak type.  
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	Lemma 3.2. Given Φ is a young function, 𝜙∈,𝐺-𝜙., 𝑚∈ℤ and 𝑁∈𝜔. Then the statements (1) and (2) are equivalent:

