
Journal of Engineering Science and Technology 
Vol. 14, No. 4 (2019) 1948 - 1959 
© School of Engineering, Taylor’s University  
 

1948 

IMPLEMENTATION OF AN ANALYTICAL INVERSE 
KINEMATICS SIMULATION METHOD 

FOR A 5-DOF PARALLEL MANIPULATOR 

HENDRIKO HENDRIKO*, NUR KHAMDI, JAJANG JAENUDIN 

Mechatronics Department, Politeknik Caltex Riau, 

Jl. Umbansari, Rumbai, Pekanbaru 28265, Provinsi Riau, Indonesia 

*Corresponding Author: hendriko@pcr.ac.id 

 

 

 

 

 

 

 

 

 

 

 

Abstract 

The simplicity of the kinematical calculation represents one of the main reasons 

for choosing a parallel manipulator. Similar to the case of a serial robot, the 

majority of studies concerning parallel robots use the Jacobian-based method 

to define the position and the posture of the end-effector. However, although 

the kinematical aspect of a parallel robot is simple, it will still prove costly if 

the inverse kinematics are calculated using the Jacobian-based method. 

Therefore, in this study, an analytical-based methodology was developed for 

calculating the inverse kinematics of a parallel robot. A simulation program 

based on the proposed algorithm was developed using Matlab. The simulation 

program, which is referred to as an Analytical Inverse Kinematics Simulation 

(AIKS), could be used to calculate the rotation of every actuator in order to 

achieve the required position. To ensure the implementability of the method, 

one test was performed using a complex trajectory. The result showed that the 

AIKS could be used to generate the degree of rotation of every actuator so as 

to achieve the required positioning of the end-effector. Further, to check the 

accuracy of the proposed model, two verification mechanisms were used. The 

results demonstrated that the proposed method is accurate. Moreover, the 

comparison test showed that the proposed method is cheaper in terms of the 

computational cost than the Jacobian method. 
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1.  Introduction 

The level of interest in studying robotics technology has increased considerably 

over the past six decades. Many studies have attempted to make robots that can be 

used in various applications. According to the structural topologies, a robot can be 

classified as either a serial or a parallel robot. A robot will be categorized as being 

serial if its kinematic structure takes the form of an open-loop chain, while it will 

be categorized as being parallel if the chain is a closed loop. Gough and Whitehall 

[1] and Stewart [2] introduced the parallel manipulator in 1962 and 1965 

respectively. Their architecture was termed the Gough-Steward platform 

manipulator. Since approximately the year 2000, numerous articles have described 

new architectures for parallel robots.  

The parallel manipulator offers several benefits when compared to the serial 

manipulator, such as the high degree of accuracy, the high stiffness in almost all 

the setup configurations, and the high payload capacity. These benefits represent 

reasons why parallel manipulator is currently widely used in the manufacturing 

industry, flight simulators, etc. However, the parallel manipulator also exhibits 

several drawbacks, such as the limited workspace. Cox and Tesar [3] analysed 

comprehensively the differences between the parallel and serial manipulators.  

The production of realistic motions in a robot remains a challenge. Many 

parallel robots have been developed and studied with regard to the appropriate 

implementations, such as the DELTA robot [4], 3-UPU [5], and 3-PRC [6]. These 

robots all feature a parallel manipulator with three DOF (Degrees of Freedom). 

Only a few robots featuring parallel manipulators with five or more DOF have been 

reported in the literature. Yet, manipulators with five or more DOF can offer the 

most flexibility in terms of the orientation of the end-effector. 

The problems associated with inverse kinematics have been widely discussed 

in the last few years. Indeed, different approaches have been recommended for 

overcoming the issue of inverse kinematics in numerous applications. Mostly, 

researchers have proposed the use of numerical methods. For instance, Zhao and 

Badler [7] used a local minimum from a set of non-linear equations to overcome an 

inverse kinematics problem concerning Cartesian space. In terms of the numerical-

based approach, the method most widely used to determine an inverse kinematics 

problem is the Jacobian method, which uses a matrix of partial derivatives of the 

connecting system relative to the posture of the end-effectors. Many studies have 

been conducted to develop the Jacobian method for inverse kinematics calculations, 

such as the Jacobian transpose, Lavenberg-Marquardt Algorithm (LMA), which is 

also known as the Damped Least Squares (DLS) and other derivatives [8, 9].   

Researchers agree that the Jacobian method provides accurate results, although 

it also has disadvantages due to the long computation time, the complex matrix 

algorithm, and the problems of singularity [10]. These limitations occur because 

the Jacobian method solves the problem of inverse kinematics using a fully 

numerical approach.  

Other studies have proposed different techniques for solving the problem of 

inverse kinematics, such as the Sequential Monte Carlo Method (SMCM) [11] 

and the particle filtering approach [12]. These two methods use a statistical-based 

approach rather than a matrix. Although such methods aim to avoid the use of a 

complex matrix calculation, the statistical approach still involves a long 
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computational time. To overcome this problem, a hybrid-based methodology, 

which is a combination of the analytical and numerical methods, has been 

proposed [13, 14]. This method has been proven to significantly reduce the 

calculation time when compared to the fully numerical-based method. Many 

studies by Kiswanto et al. [15-17], Henriko [18] and Henriko et al. [19] have been 

performed to develop the analytical method in relation to various applications, as 

well as to compare its computational time to that of other methods. The results 

have shown that the analytical-based approach is able to reduce the computational 

time to a remarkable extent.  

Therefore, Hendriko et al. [20] developed an analytical-based methodology 

called Analytical Inverse Kinematic Simulation (AIKS) in the present paper. The 

study was aimed to develop AIKS so that it could be used to determine the inverse 

kinematics problems associated with a 5-DOF parallel manipulator. In this study, 

the construction of a 3-DOF parallel manipulator was extended by attaching two 

more actuators onto the mobile platform. Hence, the end-effector can be oriented 

to arbitrary direction because it can be rotated about z-axis and x-axis. 

2.  Analytical Inverse Kinematics  

Inverse kinematics is an approach for defining the posture of a robot by estimating 

every individual DOF required to perform a given task. The design of the 5-DOF 

parallel manipulator was developed as detailed in Fig. 1(a). The construction is 

comprised of several main parts, including a permanent platform that is fixed at the 

base of the robot and a mobile platform that can move freely in space. The end-

effector was attached to the mobile platform. Three actuators are used to move the 

three links of the mobile platform, which are represented by points a1, a2, and a3. 

The displacement of these points is intended to actuate the mobile platform. The 

actuator moves the mobile platform by moving points a1, a2, and a3 up and down 

about the z-axis. Meanwhile, the rotational motion of the end-effector under the 

mobile platform is actuated by two other actuators. These two other actuators rotate 

the end-effector about both the z-axis and the y-axis. To ensure that the mobile 

platform could move freely due to the displacement of points a1, a2, and a3, fisheye 

bearings were used at points b1, b2, and b3. 

In order to calculate the inverse kinematics of the end-effector, a suitable 

variable for mapping the coordinate frames were required. Therefore, several 

coordinate frames, as depicted in Figs. 1(a) and (b), were used to define the posture 

of the end-effector. The coordinate frames comprised: 1) Global Coordinate Frame 

(GCF), which was set up at the centre of the permanent platform, as can be seen in 

Fig. 1(a), 2) Local Coordinate Frame (LCF), which represents the initial position 

of the end-effector, as presented in Fig. 1(b), and 3) Mobile Coordinate Frame 

(MCF), which is considered at point 𝐸, as illustrated in Fig. 1(b). The GCF is a 

fixed system, which is denoted by X, Y, Z, while the LCF and MCF are represented 

by the basis vectors x, y, z and u, v, y respectively. 

The z-axis of the GCF is perpendicular to the base, while the y-axis is parallel with 

line 𝑏1 𝑏2
̅̅ ̅̅ ̅̅ ̅, as shown in Fig. 1(a). The kinematics algorithm was intended to determine 

the movement of the links of the mobile platform, as represented by points a1 (xa1, ya1, 

za1), a2 (xa2, ya2, za2), and a3 (xa3, ya3, za3), the rotation angle about the z-axis () and the 

rotation angle about the y-axis (λ). In determining both the coordinates and the 

orientation of the end-effector, three points must be given at the beginning, namely 
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points D′ (xD′, yD′, zD′), E′ (xE′, yE′, zE′) and F′ (xF′, yF′, zF′). In the initial position, points 

E and F are parallel with the x-axis. Then, all the points in Fig. 1 could be defined using 

the three given points. Finally, the rotation angle of the actuator required to move the 

manipulator to the expected position and orientation could be determined.  

 

Fig. 1(a) Design of 5-DOF parallel manipulator, 

(b) Coordinate frame, (c) Angle of rotation of end-effector, 

and (d) Distance between links of end-effector. 

The posture of the end-effector with respect to the LCF is presented in Fig. 1(d). 

It was determined using the orientation of the end-effector relative to both the x-

axis () and the z-axis (λ). They were calculated as follow: 

𝜀 = sin−1 (
𝑦𝐹′−𝑦𝐸′

𝑥𝐹′−𝑥𝐸′
)                 (1) 

𝜆 = 𝑠𝑖𝑛−1 (
𝑧𝐹′−𝑧𝐸′

√(𝑥𝐹′−𝑥𝐸′)2+(𝑦𝐹′−𝑦𝐸′)2
)               (2) 

The variables  and λ denote the angle of rotation required by Actuators 1 and 2, 

respectively, to rotate the end-effector to the designed position. The mapping tool [T] 

was used to convert the coordinate frame from the MCF to the LCF, including the 

rotation of the manipulator about the y-axis and the z-axis. It was determined by: 

[𝑇] = 𝑅𝑜𝑡(𝑍, 𝜀). 𝑅𝑜𝑡(𝑌, 𝜆) (3) 

[𝑇] = [

𝑐𝑜𝑠 𝜀 − 𝑠𝑖𝑛 𝜀 0

𝑠𝑖𝑛 𝜀 𝑐𝑜𝑠 𝜀 0

0 0 1

] [

𝑐𝑜𝑠 𝜆 0 𝑠𝑖𝑛 𝜆

0 1 0

𝑠𝑖𝑛 𝜆 0 𝑐𝑜𝑠 𝜆

] (4) 
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Based on the construction of the manipulator in Fig. 1(d), point C′, which is 

located at the elbow of the end-effector, was determined by: 

𝐶′(𝑥𝐶′; 𝑦𝐶′; 𝑧𝐶′) = [𝑇] 𝐷 (𝑥𝐷; 𝑦𝐷; 𝑧𝐷) + (0; 0; 𝑙𝐶𝐷) (5) 

where 𝑙𝐶𝐷 is the distance between points 𝐶 and 𝐷, as presented in Fig. 1(d).  

With reference to Fig. 1(a), point M′ (xM′; yM′; zM′), which is located at the 

centre of the mobile platform, was defined as follows:  

𝑀′(𝑥𝑀′; 𝑦𝑀′; 𝑧𝑀′) = 𝐶′(𝑥𝐶′; 𝑦𝐶′; 𝑧𝐶′) + (0; 0; +𝑙𝐷𝐺) (6) 

where lDC is the distance between points C and D, as presented in Fig. 1(c). Then, 

all the points on the mobile platform were calculated as follows: 

𝑏1
′ (𝑥

𝑏1
′ ; 𝑦

𝑏1
′ ; 𝑧

𝑏1
′ ) = 𝑀′(𝑥𝑀′; 𝑦𝑀′; 𝑧𝑀′) + (−𝑟. 𝑠𝑖𝑛 𝛼 ;  𝑟. 𝑐𝑜𝑠 𝛼 ;  0) (7) 

𝑏2
′ (𝑥

𝑏2
′ ; 𝑦

𝑏2
′ ; 𝑧

𝑏2
′ ) = 𝑀′(𝑥𝑀′; 𝑦

𝑀′
; 𝑧𝑀′) + (0;  −𝑟;  0) (8) 

𝑏3
′ (𝑥

𝑏3
′ ; 𝑦

𝑏3
′ ; 𝑧

𝑏3
′ ) = 𝑀′(𝑥𝑀′; 𝑦𝑀′; 𝑧𝑀′) + (𝑟. 𝑠𝑖𝑛 𝛼 ;  𝑟. 𝑐𝑜𝑠 𝛼 ;  0) (9) 

where 𝑟 denotes the distance between the connecting points (b′1, b′2, b′3) point 𝑀. 

An equilateral triangle was used as the shape of the mobile platform, as can be seen 

in Fig. 2(a). Points (b′1, b′2, and b′3) 𝑏′1, 𝑏′2,  and 𝑏′3 are the corner points on the 

mobile platform, hence, they can move translational about all the axes. Different to 

the b′ points, points a1, a2, and a3 were set up at the column, as presented in Fig. 

1(a), which means that they are only able to move along the Z-axis. Therefore, the 

X-axis and Y-axis of a′1, a′2, and a′3 and 𝑎′3 in the GCF were determined as follows:  

𝑎1
′ (𝑥

𝑎1
′ ; 𝑦

𝑎1
′ ) = 𝑏1

′ (𝑥
𝑏1

′ ; 𝑦
𝑏1

′ ) + ((𝑅 − 𝑟). 𝑠𝑖𝑛 𝛼 ;  (𝑅 − 𝑟). 𝑐𝑜𝑠 𝛼) (10) 

𝑎2
′ (𝑥

𝑎2
′ ; 𝑦

𝑎2
′ ) = 𝑏2

′ (𝑥
𝑏2

′ ; 𝑦
𝑏2

′ ) + (0; (𝑟 − 𝑅)) (11) 

𝑎3
′ (𝑥

𝑎3
′ ; 𝑦

𝑎3
′ ) = 𝑏3

′ (𝑥
𝑏3

′ ; 𝑦
𝑏3

′ ) + ((𝑅 − 𝑟). 𝑠𝑖𝑛 𝛼 ; (𝑅 − 𝑟). 𝑐𝑜𝑠 𝛼) (12) 

Finally, the Z-axis of a′1, a′2, and a′3 was defined by: 

𝑧𝑎𝑛
′ = ±√𝐿2 − (𝑥𝑏𝑛

′ − 𝑥𝑎𝑛
′ )2 − (𝑦𝑏𝑛

′ − 𝑦𝑎𝑛
′ )2 (13) 

where 𝑛 refers to the corner number (n = 1, 2, 3) and 𝐿 denotes the length of the 

connecting link between point 𝑎 and point 𝑏. The motion of points a′1, a′2, and a′3 
,  and 𝑎′3 was activated by Actuator 3, Actuator 4, and Actuator 5, respectively. In 

order to achieve the expected end-effector position and orientation, the required 

angle of rotation of the actuator () was calculated as follows: 
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𝜗𝑛 =
𝑧𝑎𝑛

′ −  𝑧𝑎𝑛

2. 𝜋. 𝑟𝑠

× 360 (14) 

where 𝑟𝑠denotes the radius of the slider wheel required to change the position of 

points a′1, a′2, and a′3 up and down. 

 

Fig. 2. Robot’s platform: (a) Mobile platform and (b) Upper platform. 

3.  Implementation and Discussion 

All the algorithm results in this study have been used to develop a program using 

Matlab. The program is referred to as an Analytical Inverse Kinematics Simulation 

(AIKS). The AIKS was examined in terms of its ability to calculate the variables 

needed to move the end-effector to the required location and orientation. The 

variables needed by the actuators are , λ, 1, 2, and 3. Finally, the accuracy of 

the method was verified using two verification methods. First, by comparing the 

coordinates of the end-effector using CAD software, and second, by comparing the 

data generated experimentally using a physical parallel manipulator. 

3.1.  Angle of rotation calculation 

In order to check the applicability of the developed method, one test was conducted. 

In this test, the end-effector was designed to travel on a complex trajectory, as 

shown in Figs. 3(a) and (b). Figure 3(a) shows the trajectory of two points on the 

end-effector, namely point “a” and point “b.” Meanwhile, Fig. 3(b) presents the 

orientation and coordinates of the end-effector while following the trajectory. Due 

to the complex trajectory, the posture of the end-effector was dynamically changed. 

The rotation of Actuator 1 about the z-axis () and the rotation of Actuator 2 about 

the y-axis (λ) are presented in Fig. 3(b). These two variables were given as part of 

the designed trajectory and orientation of the end-effector. Using the AIKS, the 

angles of rotation of Actuator 3 (1), Actuator 4 (2) and Actuator 5 (3), could be 

generated, and the results are presented in Fig. 4(a). The angles of rotation were 

calculated based on the position of the upper link of the mobile platform on the z-

axis, a′1, a′2, and a′3. The position of the upper link during the end-effector’s travel 

along the trajectory is presented in Fig. 4(b). From these graphs, it can be seen that 

the end-effector moved in a very dynamic fashion.  
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Fig. 3(a) End-effector trajectory, (b) Moving progression  

of end-effector and (c) Angle of rotation of motor. 

 

Fig. 4(a) Angle of rotation of motors  

3, 4, and 5, and (b) z-axis of upper platform. 

3.2.  Model verification 

Although the test showed that the proposed method could be implemented to 

calculate the inverse kinematics of a 5-DOF parallel manipulator, the accuracy of 
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the method still required verification. In this study, the verification was 

performed twice.  

First, the accuracy of the method was tested by comparing the coordinates of 

the upper link on the z-axis, which were obtained using the AIKS, with the 

coordinates measured using Siemens-NX. The second verification method 

involved comparing the calculated data with the data measured experimentally 

using a physical parallel manipulator.  

In the present study, the parallel manipulator was constructed as presented in 

Fig. 5(a), while the details of the end-effector were as shown in Fig. 5(b). The 

coordinates of points a′1, a′2, and a′3 on the parallel manipulator were measured 

using the method shown in Fig. 5(c). In this test, 60 measurements were taken 

during the movement of the end-effector along the designed trajectory. The 

trajectory of the end-effector, as shown in Fig. 3(b), was used to verify the 

accuracy of the proposed method.  

 

Fig. 5. (a) Construction of parallel manipulator, (b) End-effector, 

(c) Method used to verify position of mobile platform on z-axis and 

(d) Method used to verify position of end-effector on x-axis and y-axis. 

The results are presented in Fig. 6. The graph in Fig. 6 shows that all the points 

measured using the physical parallel manipulator very nearly coincided with the 

designed trajectory generated using the program simulation. This test 

demonstrated that the developed method is accurate. 
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The experimental verification was performed by comparing the coordinates of 

the end-effector while following the designed trajectory, as shown in Fig. 7. In this 

test, the accuracy of the manipulator in terms of following the trajectory along the 

two axes, namely the x-axis and the y-axis, was tested. The method used to measure 

the coordinate of the end-effector is depicted in Fig. 5(d). The trajectory that was 

obtained by the physical manipulator was compared with the designed trajectory, 

as shown in Fig. 7. The deviation was calculated using a statistical method known 

as the Mean Squared Error (MSE), and the result was 1.01%. Once again, the result 

shows that the deviations were relatively small. Based on the series of verification 

test, it can be concluded that the results both prove that the developed method is 

accurate and demonstrate the precision of the developed parallel manipulator. 

 

Fig. 6. Model verification using an experimental test. 

 

Fig. 7. Verification results concerning accuracy  

of robot in terms of following programmed trajectory. 

3.3.  Computational time 

The main advantage of the analytical-based approach is the shorter computational 

time when compared to the numerical-based approach. Therefore, to check the 
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efficiency of the developed method, the computational time of the AIKS was 

compared to that of the Jacobian method. As discussed in the introduction, the 

Jacobian method is widely used in calculating the inverse kinematics of robots. For 

comparison purposes, the trajectory and orientation of the manipulator, as shown 

in Fig. 3, were used. The angles of rotation of the actuators needed to achieve the 

designed trajectory and orientation were calculated using both the AIKS and the 

Jacobian method. In this test, the end-effector travelled along 120 different 

locations and orientations. The computational time of the proposed method in terms 

of calculating the inverse kinematics of the robot’s motion in two consecutive 

locations was recorded. The result, as presented in Fig. 8, was the average value of 

three-time measurements for every motion and every method. From the graph in 

Fig. 8, it is clear that the computational time of the AIKS is significantly shorter 

than that of the Jacobian approach. The AIKS took only 1.87 s to calculate the 

inverse kinematics of the assigned tasks, while the Jacobian method took 29.93 s.  

The results showed that the analytical method was computationally more 

efficient than the numerical method. In this study, the AIKS method was proven to 

be applicable in supporting inverse kinematics calculations. This means that the 

proposed method contributes to simplifying the work needed to calculate the 

inverse kinematics of a parallel manipulator. This represents the main advantage of 

the proposed method when compared to other methods based on the numerical and 

statistical approaches. 

 

Fig. 8. Computational times of AIKS and Jacobian method. 

4.  Conclusions 

In this research study, a method based on the analytical approach was developed to 

determine the inverse kinematics of a parallel manipulator. The algorithm was 

developed for a robot with five DOF, and it was used to develop a simulation 

program in Matlab. The simulation program was referred to as an Analytical 

Inverse Kinematics Simulation (AIKS) method. Based on the method’s 

implementation, several concluding remarks can be offered. 

 One test was conducted to check the applicability of the developed method in 

terms of generating the angle of rotation required by the actuator to achieve 

the desired position. The results demonstrated that the method could be used 

to provide the required data.  
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 The verification test proved that both the proposed method and the physical 5-

DOF parallel manipulator were accurate.  

 Moreover, the comparison test proved that the proposed method was 

computationally more efficient than the Jacobian method. This is the main 

advantage of the proposed method when compared to other approaches based 

on numerical methods. 
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Nomenclatures 
 

𝑟𝑠 Radius of slider wheel, m 

𝑇 Mapping tool 
 

Greek Symbols 

 Angle between R and Y-axis (Fig. 2), deg. 

 Rotation angle of actuator 1 (Fig. 1), deg. 

λ Rotation angle of actuator 2 (Fig. 1), deg. 

n Rotation angle of actuator on mobile platform (Fig. 1), deg. 
 

Abbreviations 

AIKS Analytical Inverse Kinematics Simulation 

CAD Computer-Aided Design 

DOF Global Coordinate Frame 

GCF World Health Organization 

LCF Local Coordinate Frame 

MCF Mobile Coordinate Frame 
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