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Abstract 

Fractional calculus has been a research focus since the last four decades to control 

the dynamical systems. Advances in fractional calculus such as Fractional Model 

Predictive Control had shown that system dynamics could be controlled even 

more effectively. This paper proposes Fractional Model Predictive Control 

design for a 2-D gantry crane system (a robotic manipulator). 2-D gantry crane 

system is an under-actuated system with two degrees of freedom and single 

control input. The model is derived using Euler-Lagrange formulation and the 

corresponding fractional model is embedded, further, this model is approximated 

using an Oustaloup-Recursive-Approximation for different fractional values. A 

Fractional Model Predictive Controller and a traditional Model Predictive 

Control for the 2-D Gantry crane system are designed using MPC toolbox of 

MATLAB. This controller gives a better response in terms of systems settling 

time and overshoot in the system. Further, the performances of these controllers 

are compared with other existing controllers. The purpose of these controllers 

here is to control the position of the trolley and the swing angle of the cable 

through which the load is suspended. 

Keywords: 2-D gantry crane system, Fractional calculus, Fractional model 

predictive control; Model predictive control; Robustness. 
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1.  Introduction 

The roots of the fractional order calculus theory can be traced from [1]. Since then 

there have been several attempts by researchers to use fractional order calculus to 

deal with dynamical systems [2, 3-9]. Conventional integer order calculus follows 

differentiation and integration of only integer order, whereas fractional order 

calculus follows integration and differentiation of real order including integer 

order. Control of mechanical systems using fractional calculus is currently among 

one of the most active fields of research [10-15]. 

In the recent past, there has been a lot of focus on Model Predictive Control 

(MPC) [16-18]. Predictive control is based on controlling some criterion with the 

help of a model to predict the system behaviour for further action. An under-

actuated system based on MPC has been studied by the group of researchers. For 

instance, simulation studies of performance and efficiency of the MPC controlled 

underactuated system have been presented in [19]. An adaptive control strategy is 

demonstrated in [20]. Furthermore, Fractional Model Predictive Control (FMPC) 

of fractional order systems is studied in [21-23]. In a similar study, robust MPC for 

the fractional system is presented in [24]. In these papers, well-defined fractional 

systems are considered to design the MPC.  

Most recently Fractional Order Controllers are used in electric vehicle control 

[25], for magnetic lavation control with simplified fractional controller [26], 

implementation of Fractional Order Controller to DC motor control [27] and 

controlling the dynamic behaviour of power systems [28]. Recently Fractional 

Model Predictive Control attracts many researchers in designing control strategies. 

Paper [29] discusses MPC designing of discrete time fractional order systems. 

Paper [30] discuss designing of fractional MPC for temperature control in industrial 

processes. Hence, this shows that fractional MPC (FMPC) has a tremendous 

potential for research. 

Motivated by the recent advances in FMPC, this paper discusses the models     

2-D gantry crane system using Euler-Lagrange formulation. The corresponding 

fractional model is embedded for capturing the dynamics of the system. Finally, 

the FMPC is designed using Oustaloup-Recursive Approximation method of 

fractional order. Simulation results show that the performance of FMPC is better 

than its MPC counterpart. In addition, a robustness study by varying                            

system parameters is carried out by changing the various parameters of the system. 

As per the author’s knowledge, there is no prior work on FMPC for the 2-D gantry 

crane system. 

The motive of this paper is to present the design of an efficient controller, which 

can stabilize the consider system with the minimum amount of time with less error 

as compared to the existing controllers. 

The structure of the paper organized as, Section 2 discuss the basic 

preliminaries about fractional order calculus. In Section 3, the model of the 

considered system is derived and further the fractional model is embedded in 

Section 4 and controller is also designed and compared with the traditional 

controllers in this section. In Section 5, the robustness of the controller is reported 

and the results are compared with existing controllers followed by a conclusion 

in Section 6. 
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1.1.  Preliminary  

Fractional Order Control (FOC) is a generalization of the Integer Order Control (IOC) 

to a real or may complex order. The fractional operator is introduced as follows: 
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where α ϵ R, a and t are the limits of the fractional operators. 

There are many definitions given by different researchers for fractional 

calculus. Out of them, important definitions for fractional derivatives are given 

below [31, 32]. 

 Riemann-Liouville (RL) definition:  

For the case of 0 < α < 1 the expression of the fractional derivative is: 

𝐷𝑡𝑓(𝑡) =
1
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where Γ(.) is Gamma function, n is an integer, which satisfies the conditions n-1 < 

 < n. 

 Grunwald-Letnikov (GL) definition: If we consider 𝑛 =
𝑡−𝑎

ℎ
, where ‘a’ is real 

constant, which expresses a limit value we can write,  
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 Caputo definition: The Caputo definition is used in many engineering 

applications. It is defined by,  

𝐷𝑡𝑓(𝑡) =
1

⎾(𝑚−𝛼)
∫

𝑓(𝑚)(𝜏)

(𝑡−𝜏)𝛼−𝑚+1
𝑑𝜏

𝑡

0𝑎
𝛼                                                                          (3) 

The Caputo and Riemann-Liouville formulation coincide when the initial 

conditions are zero. 

 

2.  Modelling of the 2-D Gantry Crane System 

The 2-D Gantry crane system is one of the good examples of under-actuated 

systems. It is used to transport a load from one place to another with the help of a 

trolley and load system. These cranes can handle a huge amount of load and 

basically used in platforms, ships, depots, factories, etc. Therefore, the modelling 

and the control of these systems is the main aim of this paper. 

The 2-D Gantry crane system is shown in Fig. 1. The mass of the trolley and 

the mass of load are denoted as M and m, respectively. The size of the cable 
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assumed to be l meter. There is an x-directed force is applied on the trolley and 

denoted by u(t) the gravitational force mg be always acted on the load and g is 

acceleration due to gravity x(t) represents trolley position and 𝜃(𝑡) represents the 

tilt angle with referenced to the vertical direction. 

The Euler-Lagrange formulation is used for model derivation. It is required to 

find the kinetic energy (T) and potential energy (V) of the system and then 

Lagrangian be the difference between T and V. 

L T V                    (4) 

 

Fig. 1. 2-D Gantry crane system. 

After putting the values of T and V, the Lagrangian equation will be: 

𝐿 =
1

2
𝑀�̇�2 +

1

2
𝑚(�̇�2 + (𝑙�̇�)2 + 2�̇��̇�2𝑙𝑐𝑜𝑠𝜃 − 𝑀𝑔𝑙 − 𝑚𝑔(𝑙 − 𝑙𝑐𝑜𝑠𝜃)            (5) 

Taking the value of L from Eq. (5) into Euler-Lagrange equations below, 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�
) −

𝜕𝐿

𝜕𝑥
= 𝑢                                                                                                      (6) 

and 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�
) −

𝜕𝐿

𝜕𝜃
= 0                                                                                              (7) 

After some mathematical manipulation and using Eqs. (6) and (7) and then 

forming into its nonlinear state-space model with 𝑧1 = 𝑥, 𝑧2 = �̇�, 𝑧3 =, 𝑧4 = �̇�, the 

resulting nonlinear state space representation is expressed as follows: 
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                         (8) 

Linearizing the above state space model obtained in Eq. (8) at (𝑧0, 𝑢0) =
(0, 0)and linearized matrix we get after taking the parameter values of M = 2.5 kg, 

m=1 kg, l = 1 m, g =9.8 m/s2 ,is 

0 1 0 0 0

0 0 3.92 0 0.4

0 0 0 1 0

0 0 13.72 0 0.4

d
z z u

dt
  

   
   
    
   
   

    

               (9) 

The output matrix is, 

𝑦 = (
1 0
0 0

    
0 0
1 0

)(

𝑥
�̇�
𝜃
�̇�

)                                                                                                         (10) 

3.  Controller design using MPC toolbox  

The 2-D Gantry crane system is converted to its equivalent fractional 2-D Gantry 

crane system. Then, the fractional model is approximated using an Oustaloup 

recursive approximation [33]. Further, this model of 2-D Gantry crane system is 

used to design the Model Predictive Controller. Here, the fractional model is 

considered because the integer order model, which is the approximation of the 

fractional order model and almost all existing systems are fractional [34-36]. The 

concept behind using the traditional model (integer order model) was the non-

presence of the solution methods for fractional order models [37], but at present, 

there are various methods available for the approximation of the fractional models 

(derivative and integral) [38, 39] by using definitions presented in Eqs. (1) to (3). 

It can be easily and widely used in the areas of control theory [40], system models 

[41], mechanical systems analysis [42], circuital analysis [43], etc. 

The transfer function model is derived using the state space model, which is 

represented in Eqs. (9) and (10). 

2
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               (11) 

The fractional transfer function for 2-D Gantry crane system is given by 

following transfer function. It is obtained by introducing the fractional order in the 

order of system [44, 45], which is represented by,  
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By substituting the value of  = 1 in Eq. (12), it is the same transfer function of 

2-D Gantry crane system as represented in Eq. (11). Here using , which non-integer 

order, capture more dynamics of the system. The value of  is between 0 <  < 1. 

The selection of  value is critical and important. Here, the various values of  are 

checked and validated using simulation results. Based on that, the FMPC are designed 

for this system. Now, the various values ofare considered and discussed. 

Case 1: If α = 0.3, the transfer function of Eq. (12) can be written as: 
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              (13) 

Equation (13) is the fractional model of 2-D Gantry crane system with  = 0.3. 

Now by Oustaloup recursive approximation [33], the approximated model for 2-D 

Gantry crane system is given by, 

2
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s
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              (14) 

Equations (13) and (14) represents the same system model; only the difference 

is that, Eq. (13) is approximated to Eq. (14). Using the above-approximated model, 

the corresponding controller is designed for the fractional model of 2-D Gantry 

crane system. Similarly, for a various order of fractional order system, the FMPC 

are designed and compared with each other (Case 2:  = 0.5, Case 3:  = 0.8, and 

Case 4:  = 1, which is the original model of the 2-D Gantry crane system). 

This is the first time when the FMPC controller strategy is implemented on the 

2-D Gantry crane system. A MATLAB MPC toolbox [46] is used in the Windows 

8 environment to design the Model Predictive Controller. The structure of the MPC 

toolbox is shown in Fig. 2. Considered 2-D Gantry crane system has single input 

and two outputs (SIMO system, single input and multiple outputs). 

The input is acting on the trolley. The two outputs as shown in Fig. 2 are the 

position of the trolley and the swing angle of the suspended cable. There are two 

disturbances in this system, which are the mass of the trolley and load. Considering 

the first case, i.e., Case-1 and let us design the MPC using the above MPC toolbox, 

with a sampling interval of 0.1 seconds, prediction horizon to be 30 and control 
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horizon to be 6. The aim is to control the trolley position x(t) and swing angle 𝜃(𝑡) 
with no overshoot and no oscillations. 

 

Fig. 2. MPC toolbox structure. 

It can be concluded from Fig. 3 that it is possible to design a Fractional Model 

Predictive Control, which can give the better output. So, it can be used to control 

the position of the trolley and swing angle of the cable for proper operation of 2-D 

Gantry crane. Let us consider case-4, an integer or regular model of the 2-D Gantry 

crane. For the same specification, let us design an MPC. Figure 4 shows the 

response of the integer or regular model of the 2-D Gantry crane. It can be observed 

from Figs. 3 and 4 that the settling time of FMPC of 2-D Gantry crane is much 

better than the integer or regular Model Predictive Controller. 

 

Fig. 3. The control output of the fractional 

2-D Gantry crane system for α = 0.3. 
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Fig. 4. The control output of the 2-D Gantry crane system for α =1. 

Now, comparing various cases  = 0.3, 0.5, 0.8 and 1 for the performances of 

the FMPC is explored. Figure 5 clearly gives the comparison of the MPC controller 

for 2-D Gantry crane 

It can be concluded from the comparison responses of the MPC, that the FMPC 

gives better performance than the traditional MPC if we choose the value of α in 

between 0 <  ≤ 1. Hence, the model corresponding to these values are the valid 

models for FMPC controller design. The comparison summary shown in Table 1 is 

also provided for better understanding of the Fractional Model Predictive Control 

vs. traditional Model Predictive Control. 

 

Fig. 5. Comparison of control outputs 

of the 2-D Gantry crane system for α = 0.3, 0.5 and 1. 
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From Table 1, it can be concluded that FMPC shows better response and if  = 

0.5 then FMPC controller gives the best result as compare to traditional MPC 

controller for 2-D Gantry crane system. Hence, this paper will consider  = 0.5 as 

the optimum fractional order model of the 2-D Gantry crane system. Let us check 

the robustness of the FMPC with the model corresponding to  = 0.5. 

Table 1. Comparison table for various values of α. 

Specifications 

Settling 

time 

(seconds) 

Overshoot Oscillations 

 x(t) θ(t) x(t) θ(t) x(t) θ(t) 

0.3 0.8 16 No No No No 

0.5 0.8 3.5 No No No No 
0.8 0.8 5 Yes Yes No Yes 

1 3.8 4 Yes Yes Yes Yes 

 

4.  Conclusion 

The main aim of designing a Fractional Model Predictive Control (FMPC) for 2-D 

Gantry crane system is successfully achieved. The proposed FMPC gives better 

results when it is compared in terms of settling time and overshoot of the system 

with traditional MPC controller. It is observed in this paper that, if the “” values 

of the model are chosen in between 0 <  < 1, FMPC controller gives better 

response for the considered system, i.e., 2-D Gantry crane system. This method of 

designing controllers can also be extended to different robotic manipulators, under-

actuated systems, etc.  

 

 

Nomenclatures 
 

L Cable length, m 

M Mass of the trolley/cart, kg 

m Mass of the load, kg 

T Kinetic energy, J 

u Input to the system 

V Potential energy, J 

x(t) Represents trolley position, m 

  

Greek Symbols 

α Fractional values 

θ(t) Represents the tilt angle, deg. 

 

Abbreviations 

FMPC Fractional Model Predictive Control 

FOC Fractional Order Control 

IOC Integer Order Control 

MPC Model Predictive Control 



A Fractional Model Predictive Control Design for 2-D Gantry Crane System       2233 

 
 
Journal of Engineering Science and Technology               July 2018, Vol. 13(7) 

 

References 

1. Oldham, K.B.; and Spanier, J. (1974). The fractional calculus. New York and 

London: Academic Press. 

2. Podlubny, I. (1999). Fractional-order systems and PI/sup/spl lambda//D/sup/spl 

mu//controllers. IEEE Transactions on Automatic Control, 44(1), 208-214. 

3. Lubich, C.H. (1986). Discretized fractional calculus. SIAM Journal on 

Mathematical Analysis, 17(3), 704-719. 

4. Srivastava, T.; Singh, A.P.; and Agarwal, H. (2015). Modelling the under-

actuated mechanical system with fractional order derivative. Progress in 

Fractional Differentiation and Applications, 1(1), 57-64. 

5. Oustaloup, A. (1981). Fractional order sinusoidal oscillators: optimization and 

their use in highly linear FM modulators. IEEE Transactions on Circuits and 

Systems, 28(10), 1007-1009. 

6. Ma, C.; and Hori, Y. (2004). Fractional order control and its application of 

PI/sup/spl alpha//D controller for robust two-inertia speed control. 

Proceedings of the 4th International IEEE Power Electronics and Motion 

Control Conference. Xi’an, China, 1477-1482. 

7. Baleanu, D.; and Agrawal, O.P. (2006). Fractional Hamilton formalism within 

Caputo’s derivative. Czechoslovak Journal of Physics, 56(10-11), 1087-1092. 

8. Baleanu, D.; Muslih, S.I.; and Tas, K. (2006). Fractional Hamiltonian 

analysis of higher order derivatives systems. Journal of Mathematical 

Physics, 47(10), 103503. 

9. Muslih, S.I.; and Baleanu, D. (2005). Formulation of Hamiltonian equations for 

fractional variational problems. Czechoslovak Journal of Physics, 55(6), 633-642. 

10. Singh, A.P.; Kazi, F.S.; Singh, N.M.; and Srivastava, P. (2012). PIαDβ 

controller design for underactuated mechanical systems. Proceedings of the 

12th International Conference on Control Automation Robotics & Vision 

(ICARCV). Guangzhou, China, 1654-1658. 

11. Srivastava, P.; Singh, A.P.; Srivastava, T.; and Singh N. M. (2013). Observer 

design for non-linear systems. International Journal of Applied Engineering 

Research (IJAER), 8(8), 957-967. 

12. Solihin, M.I.; and Wahyudi. (2007). Sensorless anti-swing control for 

automatic gantry crane system: Model-based approach. International Journal 

of Applied Engineering Research, 2(1), 147-161. 

13. Singh, A.P.; Agarwal, H.; and Srivastava, P. (2015). Fractional order controller 

design for inverted pendulum on a cart system (POAC). WSEAS Transactions 

on Systems and Control, 10, 172-178. 

14.  Singh, A.P.; Kazi, F.; Singh, N.M.; and Vyawahare, V. (2012). Fractional 

order controller design for underactuated mechanical systems. Proceedings of 

the 5th IFAC Symposium on Fractional Differentiation and its Applications-

FDA. Nanjing, China, 6 pages. 

15. Shah, P.; Agashe, S.D.; and Singh, A.P. (2013). Design of fractional order 

controller for undamped control system. Proceedings of Nirma University IEEE 

International Conference on Engineering (NUiCONE). Ahmedabad, India, 1-5. 

16. Rossiter, J.A. (2003). Model-based predictive control: A practical approach. 

Boca Raton: CRC Press. 



2234       A. P. Singh and H. Agrawal 

 
 
Journal of Engineering Science and Technology               July 2018, Vol. 13(7) 

 

17. Kapernick, B; and Graichen, K. (2013). Model predictive control of an 

overhead crane using constraint substitution. Proceedings of the IEEE 

American Control Conference (ACC). Washington D.C., United States of 

America, 3973-3978. 

18. He, W.; Zhang, S.; and Ge, S.S. (2014). Adaptive control of a flexible crane 

system with the boundary output constraint. IEEE Transactions on Industrial 

Electronics, 61(8), 4126-4133. 

19. Joshi, S.; and Singh, A.P. (2016). Comparison of the performance of 

controllers for under-actuated systems. Proceedings of the IEEE 1st 

International Conference on Power Electronics, Intelligent Control and 

Energy Systems (ICPEICES). Delhi, India, 1-5. 

20. He, W.; and Ge, S.S. (2016). Cooperative control of a nonuniform gantry crane 

with constrained tension. Automatica, 66, 146-154. 

21. Joshi M.M.; Vyawahare, V.A.; and Tare, A.V. (2014). Design of model 

predictive control for linear fractional-order systems. Proceedings of the IEEE 

11th World Congress on Intelligent Control and Automation (WCICA). 

Shenyang, China, 4452-4457. 

22. Deng Z.; Cao H.; Li X.; Jiang J.; Yang J.; and Qin Y. (2010). Generalized 

predictive control for fractional order dynamic model of solid oxide fuel cell 

output power. Journal of Power Sources, 195(24), 8097-8103. 

23. Boudjehem, D.; and Boudjehem, B. (2012). A fractional model predictive 

control for fractional order systems. Fractional Dynamics and Control, 

Chapter 5, 59-71. 

24. Rhouma, A.; and Bouani, F. (2014). Robust model predictive control of 

uncertain fractional systems: A thermal application. IET Control Theory & 

Applications, 8(17), 1986-1994. 

25. Debbarma, S.; and Duttta, A. (2017). Utilizing electric vehicles for LFC in 

restructured power systems using fractional order controller. IEEE 

Transactions on Smart Grid, 8(6), 2554-2564. 

26. Folea, S. (2016). Theoretical analysis and experimental validation of a 

simplified fractional order controller for a magnetic levitation system. IEEE 

Transactions on Control Systems Technology, 24(2), 756-763.  

27. Dimeas, I.; Petras, I.; and Psychalinos, C. (2017). New analog implementation 

technique for fractional-order controller: A DC motor control. AEU-

International Journal of Electronics and Communications, 78, 192-200. 

28. Nangrani, S.P.; and Bhat, S.S. (2018). Fractional order controller for 

controlling power system dynamic behaviour. Asian Journal of Control, 

20(1), 403-414. 

29. Sopasakis, P.; and Sarimveis, H. (2017). Stabilising model predictive control 

for discrete-time fractional-order systems. Automatica, 75, 24-31. 

30. Ridong, Z.; Qin, Z.; Zhixing, C.; and Furong, G. (2017). Design of fractional 

order modelling based extended non-minimal state space MPC for temperature 

in an industrial electric heating furnace. Journal of Process Control, 56, 13-22. 

31. Kenneth, S.M.; and Bertram, R. (1993). An introduction to the fractional 

calculus and fractional differential equations. New York: Wiley Interscience. 



A Fractional Model Predictive Control Design for 2-D Gantry Crane System       2235 

 
 
Journal of Engineering Science and Technology               July 2018, Vol. 13(7) 

 

32.  Kenneth, S.M.; and Bertram, R. (1991). Fractional green's functions. Indian 

Journal of Pure and Applied Mathematics, 22(9), 763-767. 

33. Xue, D.; Zhao, C.; and Chen, Y. (2006). A modified approximation method of 

fractional order system. Proceedings of the IEEE International Conference on 

Mechatronics and Automation. Luoyang, Henan, China, 1043-1048. 

34. Sabatier, J.; Agrawal, O.P; and Tenreiro Machado, J.A. (2007). Advances in 

fractional calculus. Dordrecht: Springer. 

35. Tepljakov, A.; Petlenkov, E.; Belikov, J.; and Halas, M. (2013). Design and 

implementation of fractional-order PID controllers for a fluid tank system. 

Proceedings of the American Control Conference (ACC). Washington D.C., 

United States of America, 1777-1782. 

36. Kaslik, E.; and Sivasundaram, S. (2012). Nonlinear dynamics and chaos in 

fractional-order neural networks. Neural Networks, 32, 245-256. 

37. Chen, Y.; Petráš, I.; and Xue, D. (2009). Fractional order control-A tutorial. 

Proceedings of the American Control Conference. St. Louis, Missouri, United 

States of America, 1397-1411. 

38. Vinagre, B.M.; Podlubny, I.; Hernandez, A.; and Feliu, V. (2000). Some 

approximations of fractional order operators used in control theory and 

applications. Fractional Calculus And Applied Analysis, 4(3), 47-66. 

39. Tavazoei, M.S.; and Haeri, M. (2007). Unreliability of frequency-domain 

approximation in recognising chaos in fractional-order systems. IET Signal 

Processing, 1(4), 171-81. 

40. Corradini, M.L.; Giambò, R.; and Pettinari, S. (2015). On the adoption of a 

fractional-order sliding surface for the robust control of integer-order LTI 

plants. Automatica, 51, 364-371. 

41. Xu, B.; Chen, D.; Zhang, H.; and Wang, F. (2015). The modelling of the 

fractional-order shafting system for a water jet mixed-flow pump during the 

startup process. Communications in Nonlinear Science and Numerical 

Simulation, 29(1-3), 12-24. 

42. Kitio Kwuimy, C.A.; Litak, G.; and Nataraj, C. (2015). Nonlinear analysis of 

energy harvesting systems with fractional order physical properties. Nonlinear 

Dynamics. 80(1-2), 491-501. 

43. Freeborn, T.J.; Maundy, B.; and Elwakil, A.S. (2015). Fractional-order models 

of supercapacitors, batteries and fuel cells: A survey. Materials for Renewable 

and Sustainable Energy, 4(3), 1-7. 

44. Krajewski, W.; and Viaro, U. (2014). A method for the integer-order 

approximation of fractional-order systems. Journal of the Franklin Institute, 

351(1), 555-564. 

45. Hartley, T.T.; and Carl, F.L. (2003). Fractional-order system identification based 

on continuous order-distributions. Signal processing, 83(11), 2287-2300. 

46. Bemporad, A.; Morari, M.; and Ricker, R.N. (2010). Model predictive control 

toolbox 3 user's guide. Massachusetts: The Mathworks Inc. 

 


