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Abstract 

A turbulent non-premixed methane-air flame was studied in an axisymmetric 

cylindrical combustion chamber, focusing on thermal radiation effects on 

temperature and soot concentration fields. The simulation is based on the 

solution of the mass, energy, momentum and chemical species conservation 

equations. The turbulence and its interaction with combustion are modelled by 

the standard k-ε model and eddy dissipation concept, respectively. The semi-

empirical model of Syed is implemented to deal with soot formation and 

oxidation and thus ensuring the overall efficiency of the present investigation. 

The radiative heat transfer is surveyed, for two cases: with and without soot 

radiation. The numerical resolution has been achieved using the Hottel’s zonal 

method and the standard weighted-sum-of-gray-gases model, to predict the real 

gas-soot mixture radiation effect. A new concept of optical exchange gap has 

been recently proposed and applied here after avoiding the singularities 

obviously encountered in the calculation of the direct exchange areas of volume 

zones self-irradiance. The obtained numerical results are compared to 

experimental data due to Brookes and Moss. Radiation exchange is found to 

noticeably affect temperature and soot volume fraction predictions and slightly 

the mixture fraction solutions. The present paper shows that taking into account 

turbulent combustion-radiation interactions leads to more accurate results by 

comparison to available experimental data. 

Keywords: Turbulent combustion, Soot radiation, Zonal method, Optical exchange 

gap (OEG), WSGG model. 

 

 

1.  Introduction 

Radiative heat transfer plays an important role in many thermal industrial 

processes such as boilers and furnaces or other gas-fired combustion systems. To 

acquire a better understanding of the non-premixed combustion, the inclusion of  
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Nomenclatures 
 

Ai Area of surface zone, m
2
 

ag,n,m, aw,n,m WSGG model weighting factors 

Cp 

Cs 

Specific heat, J.kg
-1

.K
-1 

Soot concentration, kg.m
-3

 

𝐶𝜇 , 𝐶𝜀1, 𝐶𝜀2 Constants of the standard k-ε model 

𝐶𝛼 , 𝐶𝛽 , 𝐶𝛾, 𝐶𝜎  Constants of the Syed model  

D Mixture mass diffusivity, m
2
.s

-1
 

dp Diameter of soot particle, m 

𝐸𝑤
° , 𝐸𝑔

°  Black body emissive power, W.m
-2

 

fv Soot volume fraction 

 Specific enthalpy, J.kg
-1

 

k Kinetic energy, m².s
-2

 

KA, KB, KT, 

KZ 

Rate constants in Nagle and Strickland-Constable model 

kg Specific absorption coefficient for the gas mixture, m
-1

.atm
-1

 

ks Specific absorption coefficient for soot, m
-1

.atm
-1 

𝑘𝐶𝐻4  Specific absorption coefficient for methane, m
-1

.atm
-1

 

Kt Attenuation coefficient of the medium, m
-1

 

M Molecular mass, g.mol
-1 

NA Avogadro number, NA=6.022 10
23

 

Ng Number of gray gases required for a gas mixture 

Ns Number of gray gases required for a soot 

P Pressure, atm 

PO2 Oxygen partial pressure, atm 

Pk Production rate of turbulent kinetic energy, kg.m
-1

.s
-3

 

Pr Prandtl number 

𝑟ij Distance vector from zone i to zone j 

r Radial coordinate, m 

Ri, Rf Volumetric rate of formation or destruction of i
th 

specie and 

fuel, respectively. 

Sc Schmidt number 

Srad Radiative source term, W.m
-3 

sisj̅̅ ̅̅ , sigj
̅̅ ̅̅ , g

i
g

j
̅̅ ̅̅ ̅ Direct exchange areas, m² 

SiGj
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ , GiGj

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ Directed flux areas, m² 

T Temperature, K 

𝑇𝛼 , 𝑇𝛾  Activation temperatures, K 

U,V Axial and radial velocity, m.s
-1

 

Vk Volume of gas zone, m
3 

x Axial coordinate, m 

Y Mass fraction 

 

Subscripts 

f 

 

 

fuel 

g gas-soot mixture 

i, j species or surface zone 

k volume zone 

ox oxidant 
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pr product 

s soot 

t turbulent 

w Wall 

 

Superscripts 

° 

 

reference 

~ density weighted mean  

− mean value 
 

Greek Symbols 

𝜒 Constant in Nagle and Strickland-Constable model 

 Dissipation rate of kinetic energy, m².s
-3 

𝜙𝑛 Soot particle density 

𝜙𝑠 Soot mass fraction 

𝛤𝑔 Number of volume zones 

𝛤𝑠 Number of surface zones 

𝜅 Thermal conductivity, W. m
-1

. K
-1

 
µ Laminar dynamic viscosity, kg.m

-1
.s

-1
 

𝜃 Angle between normal to surface zone i and 𝑟ij 

 Density, kg. m
-3 

σk Prandtl number of kinetic energy 

σε Prandtl number of dissipation rate 

𝜔𝑜𝑥 Specific soot oxidation rate per unit surface, kg.m
-2

.s
-1

. 
 

Abbreviations 

DOM Discrete ordinate method 

DEAs Direct exchange areas, m² 

DFAs Directed flux areas, m² 

EDC Eddy dissipation concept 

FVM Finite volume method 

NB-WSGG  Narrow-Band based weighted sum of gray gases 

OEG Optical exchange gap  

PDE Partial differential equation 

RTE Radiative transfer equation 

TEAs Total exchange areas, m² 

WSGG Weighted sum of gray gases 
 

radiation heat transfer into combustion modelling represents a fundamental 

improvement in the complex numerical modelling of turbulent non-premixed 

flames. Flows with combustion are almost always of a turbulent nature. That is 

why taking into account the turbulence through appropriate available models is 

indispensable. Many studies are devoted to this subject. For example, Gazzah and 

Sassi [1] have presented a numerical study of the turbulent non-isothermal 

axisymmetric jet. They employed two k-ε closure models based on Favre or 

Reynolds averaging. The main objective of this work is to quantify the accuracy 

of the two mentioned models. The authors have shown that only the Reynolds 

averaging approach permits to treat the anisotropy of mass flux. Tabet et al. [2] 

studied a co-flow axisymmetric turbulent non-premixed hydrogen flame. This 

study checked out the advantages of two turbulence models which are the k-ε and 
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the Reynolds Stress (RS) models. Results demonstrated that the predictions based 

on the RS model are visibly better than those obtained using the k-ε model, when 

close to the nozzle and the flame tip. Nevertheless, further downstream, the 

results are slightly in favour of k-ε model. In order to circumvent the shortcoming 

of the linear k-ε based turbulence model, Han and Reitz [3] used the modified Re-

Normalization Group (RNG) k-ε model which is introduced successfully to 

simulate the spray combustion.   

An extensive importance has been dedicated by many researchers to simulate 

the radiative heat transfer in cartesian and cylindrical geometry in many industrial 

situations [4, 5]. The effects of the radiative properties in the fluid flow and the 

heat transfer behaviour, with an unsteady natural convection and thermal 

radiation, inside a heat exchanger have been recently undertaken [6]. In the 

literature, several models have been developed to solve the radiative heat transfer 

equation (RTE). These methods can be classified into two-categories: the flux and 

hybrid methods. Among flux methods, the P-N method uses an expansion in 

terms of spherical harmonics [7]. This method avoids the resort to the formal 

solution of the integro-differential RTE. Among the hybrid methods, the discrete 

ordinates method (DOM), initially developed by Fiveland [8], is the most widely 

used one. Advances in the DOM reported in the last decade were presented by 

Coelho [9]. Many of these advances have aimed at the mitigation of the 

drawbacks of this method. The author presented new spatial and angular 

discretization schemes to palliate the false scattering and ray effect. Méchi et al. 

[10] employed the Hottel’s zone method [11] based on the concept of the 

exchange areas associated with the weighted sum of gray gases (WSGG) model to 

investigate an inhomogeneous and non-gray media confined in a rectangular 

furnace. In this work, the most popular WSGG model parameters due to Truelove 

[12], Farag [13] and Smith et al. [14] have been adopted. Direct exchange areas 

(DEAs) are numerically carried out then adjusted to meet energy conservation 

constraints using two-smoothing methods, the least squares [15] and the Lawson 

method [16] generalized by Méchi et al. [10].  

In a recent mathematical modelling analysis of the thermal radiation in a fired 

axisymmetric cylindrical enclosure, Farhat et al. [17] have proposed a new 

concept of optical exchange gap (OEG) allowing the DEAs to be successfully 

estimated using a rigorous integration technique based on the trapezoidal 

integration scheme together with the Richardson acceleration technique [18]. The 

authors have thoroughly discussed how to circumvent the problem of the 

singularities obviously encountered in the calculation of four, five and sixfold 

integrals to carry out the DEAs for any adjacent zones and volume zones 

themselves (self-irradiance). The reduced integration scheme (RIS) has been 

recently extended by Li et al. [19] to calculate the DEAs in a three-dimensional 

rectangular furnace. The former was firstly proposed by Erkku [20] for uniformly 

zones dividing cylindrical system, then applied by Tian and Chiu [21] for 

nonuniformly ones, where it was shown that with the help of the RIS, the 

singularities of DEAs are decomposed and weakened. 

Gassoumi et al. [22] used the finite volume method (FVM), initially 

developed by Raithby and Chui [23], to solve the RTE for a non-gray medium 

containing a gas-soot mixture. The radiative properties, calculated by the narrow-

band based weighted-sum-of-gray-gases model (NB-WSGG) [24] are affected by 

radiation resulting from hot gas, soot particles and surrounding combustor walls. 
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The RTE has been solved with FVM using new expressions of the coefficients 

appearing in the discretized angular redistribution term [25]. Several authors 

analysed the radiative effect on the thermal behaviour of an axisymmetric 

turbulent flame. Silva et al. [26] and Felipe et al. [27] simulated numerically a 

turbulent non-premixed flame and showed the importance of the thermal radiative 

interchange to obtain reliable predictions. The authors resolved the RTE, 

respectively using the zonal method [11] and DOM [8], both associated with the 

WSGG model. Bidi et al. [28] modelled the turbulence, chemistry and radiation 

interactions within an axisymmetric premixed flame. Radiation modelling is 

performed similarly to that in [27]. The obtained results of the temperature and 

species concentrations were found in good agreement with experimental data if 

the non-gray air-combustion gaseous products were considered radiatively active. 

The current study is an analysis of the thermal radiation in a turbulent non-

premixed methane-air flame within an axisymmetric cylindrical configuration. 

The RTE was solved using the zonal method based on the exchange areas, 

associated with the WSGG model to account for the spectral dependance of the 

gas-soot mixture radiative properties [12]. The combustion products derived from 

the turbulent non-premixed flame are composed in a major fraction of soot 

particulates suspended in a gaseous atmosphere containing a mixture of carbon 

dioxyde (CO2), water vapour (H2O), methane (CH4) and other transparent gaseous 

species like dihydrogen (H2) and nitrogen (N2). The numerical results arising 

from the abovementioned mathematical model used in the present work, concern 

the medium temperature, mixture fraction and soot volume fraction distributions, 

along the axial and radial directions. In this paper, we set out to compare these 

findings to experimental data addressed by Brookes and Moss [29]. 

 

2.  Mathematical Model 

2.1. Governing equations 

In this section, the conservation equations for the turbulent combustion flow are 

presented for the cylindrical coordinates system (r, x), taking advantage of 

axisymmetry and assuming that: 

 buoyancy is absent 

 gravity force are negligible 

 pressure in the flow is uniform. 

 in the axial direction, diffusion, heat transfer by conduction and viscous 

force are negligible. 

For these hypotheses, conservation equations are written as [27]: 

 Continuity equation 

∂(ρ̅Ũ)

∂x
+

∂(ρ̅Ṽ)

∂r
+

ρ̅Ṽ

r
=0 (1) 

 

 Momentum equation 
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Ũ
∂(ρ̅Ũ)

∂x
+Ṽ

∂(ρ̅Ũ)

∂r
=

∂P

∂x
+∇⃗⃗⃗ [(μ+μt)∇⃗⃗⃗Ũ]+

∂

∂x
(μt

∂Ũ

∂x
) +

1

r

∂

∂r
(rμt

∂Ṽ

∂x
) (2) 

Ũ
∂(ρ̅Ṽ)

∂x
+Ṽ

∂(ρ̅Ṽ)

∂r
=

∂P

∂r
+∇⃗⃗⃗ [(μ+μt)∇⃗⃗⃗Ṽ] +

∂

∂x
(rμt

∂Ũ

∂r
) +

1

r

∂

∂r
(rμt

∂Ṽ

∂r
) 


(μ+μt)Ṽ

r²
 

(3) 

 Species transport equation 

Ũ
∂(ρ̅Ỹi)

∂x
+Ṽ

∂(ρ̅Ỹi)

∂r
=∇⃗⃗⃗ [(ρ̅D+

μt

Sct
) ∇⃗⃗⃗Ỹi] +R̅i (4) 

where R̅i  is the average volumetric rate of formation or destruction of the i-th 

chemical specie. The latter is obtained by summation over the volumetric rates of 

formation or oxidation R̅i,k relative to the k-th balanced reaction equation where 

the i-th specie is present. A description of the adopted model to estimate this 

quantity will be presented in section 2.3. 

 Energy equation 

Ũ
∂(ρ̅h̃)

∂x
+Ṽ

∂(ρ̅h̃)

∂r
=∇⃗⃗⃗ [(

κ

Cp
+

μt

Prt
) ∇⃗⃗⃗h̃] + ∑ [

hi
°

Mi
+ ∫ Cp,idT̃

T̃

T̃ref,i

]

i

R̅i+Srad (5) 

where T̃ and h̃ are respectively the average temperature and enthalpy. hi
°
, T̃ref,i and 

Cp,i  represent respectively the formation enthalpy, reference temperature and 

specific heat of the i-th chemical specie. Srad represents the source term, Eq. (22) 

in energy conservation equation due to the radiative transfer. 

 

2.2. Turbulence model 

To solve the turbulent closure problem, we use the two equations k-ε model, 

developed by Launder and Spalding [30], where the turbulent viscosity μt  is 

expressed in terms of time mean value of the kinetic energy of turbulence, 𝑘̃ and 

the volumetric turbulent kinetic energy dissipation rate, 𝜀̃ as 

μt=Cμ ρ̅  
k̃2

ε̃
 (6) 

The k-ε model is attractive as it only requires the solution of two equations, a 

relatively coarse computational mesh and can be easily implemented. The 

transport equations as per standard k-ε model are expressed as 

 Turbulent kinetic energy 

Ũ
∂(ρ̅k̃)

∂x
+Ṽ

∂(ρ̅k̃)

∂r
=∇⃗⃗⃗ [(μ+

μt

σk
) ∇⃗⃗⃗k̃] +Pk − ρ̅ε̃ (7) 
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 Turbulent kinetic energy dissipation rate 

Ũ
∂(ρ̅ε̃)

∂x
+Ṽ

∂(ρ̅ε̃)

∂r
=∇⃗⃗⃗ [(μ+

μt

σε
) ∇⃗⃗⃗ε̃] +

ε̃

k̃
(Cε1

Pk − Cε2
ρ̅ε̃) (8) 

where Pk is given by 

Pk=μt [2 (
∂Ũ

∂x
)

2

+ (
∂Ũ

∂r
+

∂Ṽ

∂x
)

2

+2 (
∂Ṽ

∂r
)

2

+2 (
Ṽ

r
)

2

] (9) 

The constants Cμ, Cε1
, Cε2

, σk and σε that intervene in this model are available 

in Table 1. 

Table 1. Constants of the standard k-ε model [30]. 

𝑪𝝁 𝑪𝜺𝟏
 𝑪𝜺𝟐

 𝛔𝐤 𝛔𝛆 

0.09 1.44 1.92 1.0 1.3 

 
 

2.3. Combustion model 

A single step balanced chemical equation of the combustion of a lean methane 

(CH4) and air mixture is given as [31] 

CH4+2 (O2+3.76 N2)→ CO2+2 H2O+7.52 N2 (10) 

The main challenge in modelling turbulent combustion phenomena resides in 

the closure of the mean volumetric rate of reaction 𝑅̅𝑖 , Eqs. (4) and (5). Here 

comes the turbulent combustion modelling, where the eddy dissipation concept 

[32] is adopted. The reaction rate 𝑅̅𝑓 for the fuel is defined as 

R̅f = −𝑎 ρ̅ 
ε̃

k̃
min (Ỹf

Ỹox

s
, b

Ỹpr

1+s
) (11) 

where (a, b)=(4.0, 0.5) are the model constants and s represents the stoichiometric 

oxygen required to burn one kilogram of fuel. 

 

2.4. Soot model 

To predict soot formation, the Syed model is used [33]. Two-additional transport 

equations are solved. The first equation accounts for the transport of soot particle 

density, and the second one describes the transport of the soot mass fraction. 

Nucleation, surface growth and oxidation effects are taken into account in the 

formulation. The particles are assumed to be spherical and having a size 

distribution which is simply represented by an average diameter dp through the 

following expression [34] 
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dp=√
6fv

ρπΝAϕn

3

 (12) 

The transport equation for the particle density 𝜙𝑛 and the soot mass fraction, 

𝜙𝑠 are respectively given by [33] 

Ũ
∂(ρ̅ϕ̃n)

∂x
+Ṽ

∂(ρ̅ϕ̃n)

∂r
=∇⃗⃗⃗(ρ̅D∇⃗⃗⃗ϕ̃n)+S̃ϕn

 (13-a) 

Ũ
∂(ρ̅ϕ̃s)

∂x
+Ṽ

∂(ρ̅ϕ̃s)

∂r
=∇⃗⃗⃗(ρ̅D∇⃗⃗⃗ϕ̃s)+S̃ϕs

 (13-b) 

The source terms of Eqs. 13(a) and (b) can be expressed as a sum of 

contributions from nucleation, coagulation, particle growth and oxidation 

𝑆̃𝜙𝑛
= 𝑆̃𝜙𝑛,𝑛𝑢𝑐

+ 𝑆̃𝜙𝑛,𝑐𝑜𝑎𝑔
 (14-a) 

𝑆̃𝜙𝑠
= 𝑆̃𝜙𝑠,𝑛𝑢𝑐

+ 𝑆̃𝜙𝑠,𝑔𝑟𝑜𝑤𝑡ℎ
+ 𝑆̃𝜙𝑠,𝑜𝑥

 (14-b) 

The different terms in the right hand sides of Eqs. 14(a) and (b), except the 

term of oxidation, are given by Syed et al. [33] 

𝑆̃𝜙𝑛,𝑛𝑢𝑐
= 𝐶𝛼𝜌̅2𝑇

1

2𝑋𝑓𝑒−
𝑇𝛼
𝑇  (15-a) 

𝑆̃𝜙𝑛,𝑐𝑜𝑎𝑔
= 𝐶𝛽𝜌̅2𝑇

1

2𝜙̃𝑛
2
 (15-b) 

𝑆̃𝜙𝑠,𝑛𝑢𝑐
= 𝐶𝜎𝐶𝛼𝜌̅2𝑇

1

2𝑋𝑓𝑒−
𝑇𝛼
𝑇  (15-c) 

𝑆̃𝜙𝑠,𝑔𝑟𝑜𝑤𝑡ℎ
= 𝜌̅2𝐶𝛾𝛮𝑜

1

3𝑇
1

2𝑋𝑓𝜙̃𝑛

1

3𝜙̃𝑠

2

3𝑒−
𝑇𝛾

𝑇  (15-d) 

In the above equations, 𝑋𝑓 is the mole fraction of the fuel (CH4), 𝑇𝛼 and 𝑇𝛾 are 

activation temperatures for nucleation and growth, respectively. The constants of 

Syed model are provided in Table 2 for methane. 

Table 2. Constants of the Syed model [33]. 

𝐅𝐮𝐞𝐥 Methane 

𝑪𝜶 (𝐦𝟑. 𝐤𝐠−𝟐. 𝐊−
𝟏

𝟐. 𝐬− 𝟏) 6.54×10
4
 

𝑪𝜷 (𝐦𝟑. 𝐊−
𝟏

𝟐. 𝐬− 𝟏) 1.3×10
7
 

𝑪𝜸 (𝐦𝟑. 𝐤𝐠−
𝟐

𝟑. 𝐊−
𝟏

𝟐. 𝐬− 𝟏) 0.1 

𝑪𝝈(𝐤𝐠) 144 

𝑻𝜶(𝐊) 46100 

𝑻𝜸(𝐊) 12600 

The volumetric oxidation rate of soot is given by [33] 

𝑆̃𝜙𝑠,𝑜𝑥
= 𝜌̅ (

36𝜋

𝜌𝑠
2

)

1

3

𝛮𝑜

1

2𝜙̃𝑛

1

2𝜙̃𝑠

2

3𝜔𝑜𝑥 (16) 
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where 𝜌𝑠  is the soot particulate density (=1800 kg/m
3
) [34]. The specific 

oxidation rate per unit surface, 𝜔𝑜𝑥, is calculated using the model of Nagle and 

Strickland-Constable [35] 

𝜔𝑜𝑥 = 120 [
𝐾𝐴𝑃𝑂2

𝜒

1 + 𝐾𝑍𝑃𝑂2

+ 𝐾𝐵𝑃𝑂2
(1 − 𝜒)] (17) 

where 

 

𝐾𝐴 = 20𝑒− 
25098

𝑇  (18-a) 

𝐾𝐵 = 4.46 10−3𝑒− 
7650

𝑇  (18-b) 

𝐾𝑍 = 21.3 𝑒
2053

𝑇  (18-c) 

𝐾𝑇 = 1.511 105𝑒− 
48817

𝑇  (18-d) 

𝜒 = (1 +
𝐾𝑇

𝐾𝐵𝑃𝑂2

) (18-e) 

2.5. Radiation model 

The zonal method of analysis, originally developed by Hottel and Sarofim [11], is 

based on the concept of exchange areas. These interchange areas are of three 

types: direct exchange areas (DEAs), total exchange areas (TEAs) and directed 

flux areas (DFAs). The physical system under consideration is divided into given 

surface and volume zones. The spatial meshing is selected so that nodes occupied 

the centre of a surface area or volume zone. In homogeneous and inhomogeneous 

non-gray semi-transparent media, the DEAs are defined by [36]  

𝑠𝑖𝑠𝑗 = ∫ ∫
cos θ𝑖 cos θ𝑗 𝑒𝑥𝑝(− ∫ 𝐾𝑡(𝑠′)𝑑𝑠′

𝑟𝑖𝑗

0
)

𝜋𝑟𝑖𝑗
2 𝑑𝐴𝑖𝑑𝐴𝑗 = 𝑠𝑗𝑠𝑖

𝐴𝑗𝐴𝑖

 (19-a) 

𝑠𝑖𝑔𝑗 = ∫ ∫
𝐾𝑡,𝑗 cos θ𝑖 𝑒𝑥𝑝(− ∫ 𝐾𝑡(𝑠′)𝑑𝑠′

𝑟𝑖𝑗

0
)

𝜋𝑟𝑖𝑗
2 𝑑𝐴𝑖𝑑𝑉𝑗 = 𝑔𝑗𝑠𝑖

𝑉𝑗𝐴𝑖

 (19-b) 

𝑔𝑖𝑔𝑗 = ∫ ∫
𝐾𝑡,𝑖𝐾𝑡,𝑗𝑒𝑥𝑝(− ∫ 𝐾𝑡(𝑠′)𝑑𝑠′

𝑟𝑖𝑗

0
)

𝜋𝑟𝑖𝑗
2 𝑑𝑉𝑖𝑑𝑉𝑗 = 𝑔𝑗𝑔𝑖

𝑉𝑗𝑉𝑖

 (19-c) 

The DEAs data obey the conservation constraints commonly known as the 

summation rules which are written for a surface zone j [21] 

∑ 𝑠𝑗𝑠𝑖

Γ𝑠

𝑖=1

+ ∑ 𝑠𝑗𝑔𝑘 = 𝐴𝑗                                   𝑗 = 1, … Γ𝑠

Γ𝑔

𝑘=1

 (20) 

and for a volume zone k 

∑ 𝑔𝑘𝑠𝑖

Γ𝑠

𝑖=1

+ ∑ 𝑔𝑘𝑔𝑗 = 4𝐾𝑡𝑉𝑘                         𝑘 = 1, … Γ𝑔

Γ𝑔

𝑗=1

 (21) 
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Calculation of DEAs is performed with desired accuracy using Romberg’s 

integration method which associates the trapezoidal rule and Richardson 

extrapolation formula [18]. A new concept of optical exchange gap (OEG) 

recently proposed by Farhat et al. [17] is applied to overcome the drawback of 

singular DEAs of self-irradiance of gas volume zones. The OEG represents the 

optical path width around singularity where radiation energy exchange between 

volume elements is imperceptible. The OEG widths are deduced using a 

correlation depending on the radial position and optical thickness. This concept 

has proved to be more efficient, simple and accurate than a proper center-to-

center technique [37, 38]. DEAs are adjusted to meet Eqs. (20) and (21) using the 

least squares method [15]. The TEAs are derived from adjusted DEAs using some 

explicit matrix relations [39]. The former are generally used to calculate the net 

radiative heat flux in gray participating media. For a non-gray medium, the net 

radiative heat flux per unit volume in a given gas zone, is expressed in terms of 

the so-called DFAs as proposed by Rhine and Tucker [40] 

Srad=
1

Vi
[4 ∑ ∑(ag,n,mKt,n,m)

i
Vi

Ns

m=1

Eg,i
o −

Ng

n=1

∑ GjGi
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ Eg,j

o ∑ SjGi
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ Ew, j

o

Γs

j=1

Γg

j=1

] 

 

(22) 

The left hand side of Eq. (22) is equal in magnitude and opposite to the 

radiative source term that appears in the energy equation (Eq. (5)). GjGi
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ and SjGi

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

are respectively the DFAs corresponding to the gas-to-gas and surface-to-gas 

radiative exchange given by 

GjGi
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = ∑ ∑ 𝑎𝑔,𝑛,𝑚 (𝑇𝑔,𝑗)

𝑁𝑠

𝑚=1

𝑁𝑔

𝑛=1

(GiGj
̅̅ ̅̅ ̅)

𝐾 𝑡,𝑛,𝑚
 (23-a) 

SjGi
⃗⃗ ⃗⃗ ⃗⃗⃗⃗ = ∑ ∑ 𝑎𝑤,𝑛,𝑚 (𝑇𝑗)

𝑁𝑠

𝑚=1

𝑁𝑔

𝑛=1

(GiSj
̅̅ ̅̅ ̅)

𝐾 𝑡,𝑛,𝑚
 (23-b) 

where Ng and Ns are the numbers of gray gases simulating the non-gray behaviour 

of the gas mixture and soot particles, respectively [12]. The DFAs are calculated 

simply by summation of the TEAs overall the gray gases weighted by the 

coefficients 𝑎𝑔,𝑛,𝑚 and 𝑎𝑤,𝑛,𝑚 which are polynomials on the local temperatures of 

the gas and surface zones, respectively. These coefficients are obtained by fitting 

the total emissivity of absorption and/or emission contributors (mainly CO2, H2O 

and soot in gas fired combustion systems) to the total emissivity calculated by the 

exponential wide band model (EWB). Similar expressions of the DFAs can be 

written for the surface-to-surface and gas-to-surface radiative exchange [41]. 

𝐾𝑡,𝑛,𝑚  is the absorption coefficient for the (n, m) gray gas (𝐾𝑡,𝑛,𝑚 = 𝑘𝑔,𝑛 𝑃 +

𝑘𝑠,𝑚 𝐶𝑠 + 𝑘𝐶𝐻4,𝑛 𝑃𝐶𝐻4
). For a gas mixture, P is the sum of the partial pressures of 

the radiatively absorbing species (mainly CO2 and H2O). The weighting factors 

(𝑎𝑔,𝑛,𝑚, 𝑎𝑤,𝑛,𝑚)  and the specific gray gas absorption coefficients 

(𝑘𝑔,𝑛, 𝑘𝑠,𝑛, 𝑘𝐶𝐻4,𝑛) are the WSGG model’s parameters. In the present numerical 

simulation, we set out to choose the parameters due to Truelove [12] for a water 

vapour and carbon dioxide pressure ratio equal to 2. 
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3.  Method of Solution  

The finite volume method (FVM) is used to solve the mass, energy, momentum 

and chemical species conservation equations by means of a Fortran code. The 

partial differential equations (PDEs) are discretized by using a staggered-mesh. 

Velocity components are defined at the cell faces whereas scalar variables are 

defined at the cell center. The control volume is as indicated in Fig. 1. 

The resulting system of algebraic equations was solved by the Tri-Diagonal-

Matrix-Algorithm (TDMA) and the pressure-velocity coupling was made by the 

SIMPLE method [42]. The convergence criterion is satisfied when the maximum 

value of normalized residuals of any equation is less than 10
-3

. A sensitive grid 

mesh study has already been done. Numerical results for radial and axial 

temperature distributions are quite similar when increasing the number of surface 

and volume zones. Therefore, a numerical mesh of (r, x) = 6045 grid nodes is 

adopted. However, to assess radiation exchanges, DEAs are evaluated using a less 

refined grid mesh (1515) in order to control the computation time required for 

all the gray gases used in this study to represent the real gas-soot mixture in the 

context of the WSGG model [12]. 

 

Fig. 1. Staggered mesh. 

4.  Results and Discussions 

The mathematical procedure based on the different models outlined previously is 

applied to a methane-air turbulent diffusion flame, where this case study has 

already been experimentally conducted by Brookes and Moss [29]. At an ambient 

temperature, methane is introduced through a nozzle with a diameter of 4.07 mm, 

at an average velocity of 20.3 m/s. The air is supplied through an annulus 

surrounding the nozzle at an average velocity of 0.55 m/s. The physical system 

boundaries, confining the open flame, are supposed to be black. Table 3 lists the 

experimental conditions of this flame. All the results of the mixture fraction, 

temperature, and soot volume fraction distributions obtained in the present study 

are compared to experimental data [29]. In table 3, Reynolds number is obtained 

by dividing the gas (methane) velocity and the nozzle diameter product, by the 

kinetic viscosity of the methane. Due to the symmetry of physical system, a 

geometrical simplified axisymmetric computational model is used (Fig. 2). Table 

4 summarizes the boundary conditions applied to the computational domain. 
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x-velocity 

 
r-velocity 
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Table 3. Operating conditions for the studied flame [29]. 

𝐅𝐮𝐞𝐥 Methane 

Fuel temperature [K] 290 

Nozzle diameter [mm] 4.07 

Fuel velocity [m/s] 20.3 

Reynolds Number (at methane exit) 5000 

Air velocity [m/s] 0.55 

Stoichiometric mixture 0.055 

Pressure [atm] 1 

Table 4. Boundary conditions. 

Region Boundary Condition 

Fuel Inlet 
Inlet Boundary condition with 20.3 m/s of 

fuel velocity and 5% turbulent intensity 

Coflow 
Inlet Boundary condition with 20.3 m/s of 

fuel velocity and 5% turbulent intensity 

Outer Side Wall 

Outlet Pressure boundary condition 

Symmetry Symmetry Boundary condition 

 

 

Fig. 2. Axisymmetric computational domain. 
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4.1.  Mixture fraction 

Figure 3 is a comparison between the centreline mixture fraction of methane 

flame obtained numerically and those taken from the experimental data for three 

cases (with radiation, without radiation and without soot radiation), in order to 

assess the effect of radiation interchange in the considered domain. The mean 

mixture fraction is decreasing rapidly when the co-flowing air is led and mixed 

with the fuel. The centreline mixture fraction is predicted using a combination of 

the standard k-ε turbulence model and eddy dissipation concept (EDC). A good 

fitting is obtained between simulated and experimental data due to Brookes and 

Moss [29], except at a distance ranging between 50 and 150 mm above the nozzle 

where the mixture fraction is under-predicted. This might be due to the lack of 

rigorousness in the representation of combustion chemistry by the EDC. 

Figure 3 depicts that the centreline mixture fraction profile is weakly 

influenced by radiation whether the radiation of soot is neglected or not. This can 

be explained by the fact that thermal radiation exchange has a very little effect on 

the chemical reactions in the chamber centreline. This is because the chemical 

reaction rate 𝑅̅𝑖 (Eqs. (4) and (5)) is controlled by turbulent mixing and therefore 

is less sensitive to temperature gradient (Eq. (11)).  

 

Fig. 3. Centreline axial profile of the mixture 

fraction with and without radiation. 

Predicted radial mixture fraction profiles at flame heights of 150, 200, 250, 

300, 350 and 425 mm are compared to experimental data in Fig. 4. A better 

agreement is achieved if the radiative heat transfer is considered. In the fuel poor 

zone that is beyond the flame (i.e., x=300425 mm), radiation has a greater effect 

on the mixture fraction predictions than elsewhere (i.e., x=150250 mm) because 

0

0.2

0.4

0.6

0.8

1

1.2

0 100 200 300 400 500 600

m
ix

tu
re

 f
ra

ct
io

n
 

axial coordinate [mm] 

Experiment [33] Without Radiation

With Radiation (without soot) With Radiation (with soot)



Numerical Investigation of the Coupled Turbulent Combustion-Radiation . . . . 1653 

 
 
Journal of Engineering Science and Technology               June 2017, Vol. 12(6) 

 

the major species present are the most radiatively active (H2O, CO2). The results 

found in this section confirm those recently shown by Centeno et al. [43]. The 

authors demonstrated that the influence of soot radiation on the concentrations of 

the main chemical species proved negligible. 

 

  

  

 
 

Experiment  [33]                                                                        Without Radiation 

With Radiation (without soot)                                - - - - -   With Radiation (with soot) 

Fig. 4. Radial profiles of the mixture fraction for different axial locations. 

0.0E+00

5.0E-02

1.0E-01

1.5E-01

2.0E-01

2.5E-01

3.0E-01

0 10 20 30 40 50 60

m
ix

tu
re

 f
ra

ct
io

n
 

r [mm] 

x= 150 mm 

0.0E+00

5.0E-02

1.0E-01

1.5E-01

2.0E-01

2.5E-01

0 10 20 30 40 50 60
m

ix
tu

re
 f

ra
ct

io
n

 
r [mm] 

x= 200 mm 

0.0E+00

5.0E-02

1.0E-01

1.5E-01

2.0E-01

2.5E-01

0 10 20 30 40 50 60

m
ix

tu
re

 f
ra

ct
io

n
 

r [mm] 

x= 250 mm 

0.0E+00

2.0E-02

4.0E-02

6.0E-02

8.0E-02

1.0E-01

1.2E-01

1.4E-01

1.6E-01

0 10 20 30 40 50 60

m
ix

tu
re

 f
ra

ct
io

n
 

r [mm] 

x= 300 mm 

0.0E+00

2.0E-02

4.0E-02

6.0E-02

8.0E-02

1.0E-01

1.2E-01

0 10 20 30 40 50 60

m
ix

tu
re

 f
ra

ct
io

n
 

r [mm] 

x= 350 mm 

0.0E+00

2.0E-02

4.0E-02

6.0E-02

8.0E-02

0 10 20 30 40 50 60

m
ix

tu
re

 f
ra

ct
io

n
 

r [mm] 

x= 425 mm 



1654       B. Zitouni et al. 

 
 
Journal of Engineering Science and Technology               June 2017, Vol. 12(6) 

 

4.2.  Temperature field 

Three scenarios have been considered to study the effect of the gas radiation on 

the temperature distribution within the domain under discussion. In the first 

scenario, radiation is completely ignored, in the second scenario, radiation from 

gas only is accounted for, while in the last one, radiation from gases and soot is 

incorporated in the calculation. Figure 5 compares the predicted axial temperature 

for three cases and the experimental measurements. It is shown that the 

temperature profiles obtained by the numerical model including radiation for two 

scenarios (with radiation from gases and soot and without soot radiation) have 

almost the same degree of accuracy than the one without radiation up to an axial 

distance of 100 mm from the nozzle outlet. This is foreseeable as the most 

radiating species (i.e., H2O, CO2 and soot) are not massively produced yet. 

Beyond this distance, the axial temperature profiles calculated with radiation 

using the zonal method better fit the experimental data due to Brookes and Moss 

[29]. We also note that the influence of soot radiation on the temperature is seen 

only in the region of higher temperatures (x > 350 mm). 

 
 

Fig. 5. Centreline axial profile of the temperature with and without radiation. 

The model failed to attempt experimental data in the region between 150 and 

250 mm closer to the nozzle. This discrepancy is mainly due to the inefficiency of 

the eddy dissipation concept, which neglects the combustion kinetic as the 

combustion reaction is represented by a single step reaction. Figure 6 presents the 

temperature distributions along the radial direction at six different axial locations 

for three cases (with radiation from gas, with radiation from gas and soot and 

without radiation). 
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Experiment [33]                                                                   Without Radiation 

With Radiation (without soot)                                - - - - -  With Radiation (with soot) 

Fig. 6. Radial profiles of the temperature for different axial positions. 
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The results show that the radial temperature distributions at the axial 

locations 150, 200, 250, 300, 350 and 425 mm have similar trends to those of 

the experimental data and that the inclusion of thermal radiation results in a 

reduction in the temperature values. The maximum temperature estimated 

numerically decreases for both scenarios with radiation from gas only and 

with radiation from gas and soot. The discrepancy from the measured 

temperatures of the solutions calculated with and without radiation is 

increasingly important as we move far from the jet exit. Observing Figs. 5 and 

6, the temperature profiles agree satisfactorily with available experimental 

data, mainly in the high temperature zones if soot and gas radiation is 

considered. Besides, the maximum average temperature discrepancy does not 

exceed 8.8% as shown in Table 5. 

Table 5. Average percentage relative temperature difference between 

experimental and numerical results for both radiative scenarios. 

Axial position 

x (mm) 

Without Radiation 

 

With Radiation 

(without soot) 

With Radiation 

(with soot) 

300 13.5 8.3 6.0 

350 13.6 7.1 4.1 

425 16.1 8.8 4.2 

 

4.3. Soot volume fraction 

Figure 7 is a comparison of the axial and radial predictions of soot volume 

fractions (fv=ρϕs/ρs) to the experimental data from Brookes and Moss [29]. It is 

worth noting that the centreline soot volume fraction profile is very well 

described by the semi-empirical model of Syed [33] and that the radiation model 

is satisfactorily accurate in predicting the soot volume fraction within the flow 

field for two cases with and without soot radiation. Neglecting the effects of soot 

radiation, results in an over prediction of the soot volume fraction. A decrease of 

the peak value is observed when radiation from soot is accounted for. Without 

radiation, the predicted maximum soot volume fraction is nearly 3 times higher 

than with the full radiation model. The results clearly prove the strong effect of 

radiation on soot volume fraction predictions. 

Actually, with radiation, the medium temperature tends to be uniform 

resulting in a strong drop of the soot source terms. This is foreseeable as these 

terms due to nucleation, growth and oxidation are decreasing exponentially (Eqs. 

15 (c-d) and 16). This illustrates that the soot model used here described 

thoroughly the temperature dependence of the soot volume fraction. The 

prediction of soot volume fraction in the region close to the nozzle is more 

satisfactory (i.e., x=300 and 350 mm). However, one can state that the Hottel’s 

zonal radiation model has widely improved the prediction of the soot volume 

fraction profiles in both radial and axial directions. 
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 Experiment [33]                                                                    Without Radiation    

      With Radiation (without soot)                                 - - - - -  With Radiation (with soot) 

Fig. 7. Axial and radial profiles (for different axial 

locations) of the soot volume fraction. 

 

5.  Conclusion 

The main goal of this study is to illustrate the effect of the thermal radiation 

interchange in a turbulent non-premixed flame for an axisymmetric cylindrical 

configuration. In particular, the focus has been accentuated on the interaction of 

radiation with the turbulent combustion assessed by means of the eddy dissipation 

concept (EDC) and k-ε turbulence model. In order to predict the spatial 

distribution of soot volume fraction, the semi-empirical soot model of Syed has 

been incorporated. This set of coupled mathematical models has been used to 

simulate a turbulent non-premixed flame of methane-air. Two-scenarios have 

been considered: in the first scenario, radiation is completely neglected, but in the 
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second one, radiation of the hot non-gray species is considered for two cases with 

and without soot radiation. Radiative exchange is calculated using the zonal 

method associated with the weighted sum of gray gases (WSGG) model, based on 

the Truelove’s parameters. For the second scenario, results proved to be more 

satisfactory than for the first one as compared to measurements conducted by 

Brookes and Moss. 

The main findings from this paper can be summarized as: 

 The temperature and soot volume fraction profiles are clearly affected when 

thermal radiation is included while its role is found to be of minor importance 

in the spatial mixture fraction distributions for the adopted chemical reaction 

model. 

 When radiation from gases and soot is considered, we notice a reduction in 

the maximum values of the medium temperature by about 150 K and the soot 

volume fraction by a factor of 3. 

 Soot radiation contributes significantly in radiation exchanges and thus, 

should be modelled rigorously. 

 The Syed model enhances the efficiency of the global modelling especially 

when brought together with a reliable radiation model. 

Some perspectives for future work will focus on the representation of the 

chemical kinetics mechanism by several reactions, and the consideration of the 

effect of the radiatively active NOx specie. 
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