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Abstract
In path following control, the forward velocity can be seen as an additional
degree of freedom. However, many path following control laws assume that the
forward velocity is a constant and actuators are ideal, i.e., no actuator
constraints. Unfortunately, these controllers cannot be realized in real-world
implementation. Thus, we propose an extension to an existing path following
controller in order that the forward velocity can be varied according to the
robot’s posture errors and the desired forward velocity. This can be done by
adopting a receding horizon scheme, where the optimization problem is solved
online along some look-ahead time intervals. Furthermore, we treat boundaries
of wheel speed and acceleration as constraints in the optimization problem. As a
result, a mobile robot can slow down when making a sharp turn and it can speed
up when being behind a reference point. Simulation tests have been conducted
in order to illustrate the effectiveness of our proposed scheme.
Keywords: Path following, Mobile robots, Receding horizon control, Actuator constraints.

1. Introduction
In this paper, we focus on the path following problem, where a mobile robot is
required to converge to and follow a path-parameterized reference. It is unlike the
trajectory tracking problem, where a mobile robot is required to track a timeparameterized reference. Nevertheless, both are basic motion control problems of
mobile robots in the literature.
In general, trajectory tracking problems are solved by determining control laws
that make the robots track predetermined feasible trajectories, i.e., trajectories that
specify the time evolution of the position, orientation (spatial dimension), as well as
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the linear and angular velocities (temporal dimension) [1]. However, the drawback
of this method is that the robots’ dynamics usually contain complex nonlinear terms
and involve parameter uncertainties, making the task of finding a feasible trajectory
difficult. In addition, in the presence of large tracking errors, the controller may
produce too large control signals to catch up with a time-parameterized reference
point. This may lead to poor closed-loop performance. One approach to eliminate
such problems is to use a path following controller instead of a trajectory tracking
controller, as seen in our simulation results.
The basic idea of the path following controller is that the robot’s forward
velocity tracks a desired velocity profile, while the controller determines the
robot’s heading direction to drive it to the desired path without any consideration
in temporal specifications. Typically this controller eliminates the aggressiveness
of the trajectory tracking controller by forcing convergence to the path in a
smooth fashion and control signals are less likely pushed to saturation when
compared to trajectory tracking [2]. Although the path following problem has
been well studied, it is still the subject of numerous research studies. In particular,
it has recently been used to replace the trajectory tracking as it is more suitable for
certain applications [1]. Pioneering work in this area can be found in [3, 4].
For the path following problem, assigning a velocity profile to the robot can
be an additional task, in which the forward velocity is used as an extra degree of
freedom. However, many path-following control laws act only on the angular
velocity and let the forward velocity be a constant. In this work, we incorporate a
receding horizon (RH) scheme with bounded inputs into the work of Soeanto et
al. [5] so that the mobile robot can travel safely and smoothly. We extend it in
such a way that the forward velocity is varied according to the robot’s posture
errors and the desired forward velocity along some look-ahead time intervals. The
remarkable advantage of this approach is that future information is utilized to
improve system performance because the reference path is known beforehand.
This paper is organized as follows: Section 2 describes the problem of path
following and models a path following control law for a mobile robot. An RH
algorithm for the forward velocity with wheel input constraints is presented in
Section 3. In Section 4, our proposed strategy is validated by simulation. Finally,
our conclusions and future work are given in Section 5.

2. Path Following Control
In path following control [1], control laws are designed to steer an object (robot
arm, mobile robot, aircraft, etc.) to reach and to follow a geometric path, i.e., a
manifold parameterized by a continuous scalar s. This setting is more general than
the trajectory tracking problem, in which the path variable s is left as an extra
degree of freedom. To determine the path variable s, Micaelli and Samson [3]
used a numerical projection from the current state onto the path. This point plays
the role of a virtual vehicle that should be tracked by the real vehicle. The main
problem of a numerical projection is that singularities occur when the distance to
the path is not well-defined. This problem can be solved by explicitly controlling
the timing law for s to be tracked along the path.
Usually, the choice of the timing law for the path variable s has the following
desired behaviour: When the path following error is large, the virtual vehicle will
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wait for the real one, when the path error is small, the virtual vehicle will move
along the path at the speed close to the desired speed assignment. This behaviour
is suitable in practice because it avoids the use of large control signals for large
path errors. Diaz del Rio et al. [6] proposed a method called error adaptive
tracking, in which the tracking adapts to the errors. They defined the function of
s& as s& = g (e) , where e is the distance error. They also proposed s& = g (t , e) in
order to preserve time determinism of trajectory tracking. Soeanto et al. [5]
controlled s& explicitly by modelling the kinematic equations of motion with
respect to the Frenet frame. A virtual vehicle concept was also employed by
Egerstedt et al. [7], whose control law ensures global stability by determining the
motion of the virtual vehicle on the desired path via a differential equation
containing error feedback. Kanjanawanishkul [8] proposed another possibility to
obtain optimal motion of the virtual vehicle by using model predictive control
(MPC). Recently, Ostafew et al. [9] presented a feedforward, proportional
iterative learning control algorithm with a feedback-linearized path-tracking
controller to reduce path-tracking errors over repeated traverses along a reference
path. However, the forward velocity was adjusted by velocity scheduling rules.
The differential-drive mobile robot addressed in this paper has two identical
parallel wheels, which are controlled by two independent motors, on the same
axle at a distance 2b one from the other as depicted in Fig. 1. Since a receding
horizon algorithm uses an explicit model of the plant, which is used to predict the
future output behaviour, we consider the following kinematic model (see Fig. 1):

 x& m  vm cos θ m 
 y&  =  v sin θ 
m 
 m  m
θ&m   ω m 

(1)

where xm(t) = [xm, ym, θm]T is the state vector in the world frame. vm and ωm stand
for the forward and angular velocities, respectively.

Fig. 1. A graphical representation of a
differential-drive mobile robot and a reference path.

In general, we wish to find the control laws of s& and ωm such that the robot
follows a virtual vehicle with position xd = [xd, yd, θd]T. The kinematic model of a
mobile robot can be formulated with respect to the Frenet frame moving along the
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reference path. This frame plays the role of the body frame of a virtual vehicle
that must be followed by the real robot as depicted in Fig. 1. In the path following
problem, we let the forward velocity vm track a desired velocity profile vd, while
s& converges to vm. The error state vector xe between the robot state vector xm and
a virtual vehicle’s state vector xd can be expressed in the frame of the path
coordinate as follows:

 xe   cosθ d
 y  = − sin θ
d
 e 
θ e   0

sin θ d
cosθ d
0

0  x m − x d 
0  ym − yd 
1 θ m − θ d 

(2)

Using Eqs. (1) and (2), the error state dynamic model chosen in a rotated
coordinate frame becomes

x&e = ye s&κ − s& + vm cosθ e
y& e = − xe s&κ + vm sin θ e
θ&e = ωm − s&κ

(3)

where κ is the path curvature and s& is the velocity of a virtual vehicle.
Following [5], we consider the Lyapunov candidate function as follows:

V =

1 2
(xe + ye2 ) + 1 (θ e − δ ( ye , vm ))2
2
2γ

(4)

where γ is a positive constant. Note that the function δ(ye, vm) introduced in Eq.
(4) has the purpose of shaping the transient convergence of the state of zero and
should be treated as an extra degree of freedom. The assumptions for this function
are that
(i) lim vm (t ) ≠ 0 ,
t →∞
(ii) δ (0, vm ) = 0 ,
(iii) ye vm sin δ ( ye , vm ) ≤ 0 , ∀ye , ∀vm .
A possible choice, as suggested in [5], is −sign (v m )θ a tanh y e for some angle
θa. As a result, δ ( ye , vm ) does not depend on |vm|, namely that δ is invariant with
respect to the absolute value of the robot’s forward velocity.
The time derivative of V can be made globally semi-negative definite by using
the following control laws (the reader is referred to [5] for more details):

s& = vm cos θ e + k1 xe

ωm = δ& − γye vm

sin θ e − sin δ
+ κs& − k 2 (θ e − δ )
θe − δ

(5a)
(5b)

where k1 and k2 are positive constants. This results in

k
2
V& = − k1 xe2 − 2 (θ e − δ ) + ye vm sin δ ≤ 0.

γ
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Closed loop asymptotic global stability of the equilibrium (xe, ye, θe) = (0, 0, 0) can
be shown by invoking LaSalle’s Invariant Set Theorem or Barbalat’s Lemma [10] to
the above Lyapunov candidate function and to the closed loop state equations.
Substituting Eqs. (5a) and (5b) into Eq. (3) yields the following equations of
the closed-loop system:

x& e = − k1 xe + k1κxe ye + yeκvm cosθ e
y& e = −κxe vm cosθ e − k1κxe2 + vm sin θ e

θ&e = δ& − γye vm

(7)

sin θ e − sin δ
− k 2 (θ e − δ )
θe − δ

We incorporate the receding horizon scheme into the closed-loop equations
(7) to obtain the forward velocity and to take into account the wheel velocity and
acceleration.
The current approach is based on a kinematic model since it is simpler than
the dynamic one. In particular, it does not involve numerous parameters
associated with the robot and its actuators (geometry of bodies, masses, moments
of inertia, etc.) [11]. For many applications, all these terms are not known
precisely. Moreover, most commercial available robots allow only the
specification of translation and rotation, which we treat as control inputs.
However, a control law based on a dynamic model clearly shows higher
performance and is more realistic because it reflects the physics of the system.
This would form the basis of future work to improve this result.

3. Receding Horizon Control
The general path following problem is characterized by the forward velocity not
being part of the control problem opposed to the trajectory tracking problem where
a virtual reference vehicle is tracked and both the forward and angular velocities are
controlled. Hence, the forward velocity, seen as an extra degree of freedom in this
paper, is determined according to the following desired behaviours:
(i) Since, during normal operation, the motors of a mobile robot can, in
general, deliver larger velocities than desirable, saturation in the actual actuators
(the motors) are not of concern, except when fast heading or turning is required.
Thus, to maximize feasible velocities, we have to consider wheel velocities
explicitly. Let vr and vl denote the right and left wheel velocities, respectively.
Discarding wheel slippage and uneven floors, the forward and angular velocities
relate to the left and right wheel velocities in the following way

1
(vr + vl )
2
1
ωm = (vr − vl )
2b
vm =

(8a)
(8b)

w
w
and vmin
be the maximum and minimum allowable velocities for the left
Let vmax
and right wheels (we assume equal constraints on the wheels), i.e.,
w
w
vmin
≤ vr ≤ vmax

w
w
vmin
≤ vl ≤ vmax

(9)

To prevent slippage, we impose the following constraints:

Journal of Engineering Science and Technology

January 2015, Vol. 10(1)

62

K. Kanjanawanishkul

w
w
amin
≤ ar ≤ amax

w
w
amin
≤ al ≤ amax

(10)

where the left- and right-hand wheel accelerations are computed as

ar =

vr (k ) − vr (k − 1)
∆

(11)

and
al =

vl (k ) − vl (k − 1)
∆

(12)

w
w
and amax
and amin
are the maximum and minimum allowable accelerations, and
∆ is the sampling period.

(ii) For sharp turning, the vehicle velocities, forward and angular, must be
restricted so that turning is appropriately restrained and smooth. A large forward
velocity together with a large angular velocity will jeopardize stability and safety
of the robot, for example, for vm = 0, the constraints on the wheels alone may
allow an undesirable large angular velocity. Hence, we include the following
velocity constraints:

vmin ≤ vm ≤ vmax

ωmin ≤ ωm ≤ ωmax

(13)

The constraints given in Eq. (13) can either be self-imposed due to desired
behaviour or safety concerns. Figure 2 illustrates how the constraints (9) and (13)
relate and it is assumed that zero belongs to the set of valid velocities. This
relation can maximize feasible forward velocity as long as boundaries of wheel
speed and acceleration are not violated, resulting in less conservative bounds.
Furthermore, the angular velocity is considered a higher priority than the forward
velocity, i.e., when the larger angular velocity is required, the forward velocity is
forced to be less than the desired velocity.

(a)

(b)

Fig. 2. The velocity constraints: (a) left and right wheel velocities,
(b) forward and angular velocities corresponding to (a).
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To realize such behaviours mentioned above, we adopt a receding horizon
(RH) approach, where the forward velocity is based on predictions of the robot’s
posture and the reference path.
The conceptual structure of RH control is illustrated in Fig. 3. RH control in
the literature is also known as model predictive control (MPC), where an explicit
model of the plant is used to predict the future output behaviour. This prediction
capability allows computing a sequence of manipulated variable adjustments in
order to solve optimal control problems online, where the future behaviour of a
plant is optimized over a future horizon, possibly subject to constraints on the
manipulated inputs and outputs [12, 13]. The result of the optimization is applied
according to a receding horizon philosophy: At time t only the first input of the
optimal command sequence is actually applied to the plant. The remaining
optimal inputs are discarded, and a new optimal control problem is solved at time
t + ∆, where ∆ is the sampling period. As new measurements are collected from
the plant at each time t, the receding horizon mechanism provides the controller
with the desired feedback characteristics.

Fig. 3. Principle of model predictive control [12].
Since many systems are inherently nonlinear and linear RH is not suitable for
such highly nonlinear systems, nonlinear models must be used [12]. However, the
major concern in the use of a nonlinear RH algorithm is whether such an open-loop
control can guarantee system stability. It is shown that an infinite predictive control
horizon can guarantee stability of a system, but the infinite predictive horizon may
not be feasible for a nonlinear system in practice [12]. Mayne et al. [13] presented
essential principles for the stability of RH control of constrained dynamical systems.
Different approaches to attain closed-loop stability using finite horizon lengths
exist. We intentionally do not review published contributions because of a large
number of publications. We refer the reader to [12, 13].
Although RH control is apparently not a new control method, works dealing
with an RH algorithm of path following problems are rare. A comprehensive
survey paper related to RH control for a mobile robot can be found in [14].
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A nonlinear system is normally described by the following nonlinear
differential equation:
x& (t ) = f ( x (t ), u (t ))

(14)

subject to: x (t ) ∈ X , u (t ) ∈ U , ∀t ≥ 0
where x(t ) ∈ R n , u(t ) ∈ R m are the n dimensional state vector and the m
dimensional input vector of the system, respectively. X ⊆ R n and U ⊆ R m
denote the set of feasible states and inputs of the system, respectively. The input
applied to the system is given by the solution of the following finite horizon openloop optimal control problem, which is solved at each time instant:
t +T p

min ∫t
u ( ⋅)

F ( x (t ), u (t )) dτ + V ( x (t + Tp ))

(15)

subject to:

x& (τ ) = f ( x (τ ), u (τ ))

(16a)

u (τ ) ∈ U , ∀t ∈ [t , t + Tc ]

(16b)

[

x (τ ) ∈ X , ∀t ∈ t , t + Tp

]

(16c)

x (t + Tp ) ∈ Ω

(16d)

The bar denotes an internal controller variable. Tp represents the length of the
prediction horizon or output horizon, and Tc denotes the length of the control
horizon or input horizon (Tc ≤ Tp). When Tp = ∞, we refer to this as the infinite
horizon problem, and similarly, when Tp is finite, as a finite horizon problem.
V ( x (t + Tp )) is the terminal penalty and Ω is the terminal region.
The robot’s input constraints in Eq. (16b) include Eqs. (9), (10), and (13). In
this paper, the desired velocity must primarily satisfy high-level tasks. However,
with our proposed RH scheme, the robot will be forced to slow down at sharp
turns and to speed up if it is behind the reference point.
The cost function for Eq. (15) is, in general, as follows:

F ( x , u ) = x T Q x + u T Ru

(17)

where the deviation from the desired values is weighted by the positive definite
matrices Q, and R. To achieve our objective, we select the following cost function:

F ( x, u ) = q11 xe2 + q22 y e2 + q33 (θ e − δ ) + q 44η e2
2

(18)

where ηe = vm − vd , matrix Q = diag(q11, q22, q33, q44), and let matrix R be equal to 0.
To guarantee the control stability, the following Lyapunov function, similar to
[15], can be selected as the terminal penalty in Eq. (13) (note that the subscript T
denotes the terminal state)

V ( x (t + T p )) =

1 2 1 2
1
xeT + yeT +
(θ eT − δ )2 + 1 η eT2
2
2
2γ
2
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under the terminal-state controller: am = v&m = −αη eT , where α > 0, such that the
following condition is satisfied:

V& ( x (t )) + F (t , x e (t ), u e (t ) ) ≤ 0,

(20)

∀x (t ) ∈ Ω

All weight parameters have to be selected such that Eq. (20) is satisfied, i.e.,
the stability condition becomes
(21)
V& + F = x x& + y y& + η η& + (θ − δ ) θ& − δ& + F
eT

eT

= −k1 xeT2 −

eT

eT

k2

(θ

γ

eT

eT

eT

(

eT

)

− δ ) + yeT vm sin δ − αη eT2 + q11 xeT2
2

eT

+ q22 yeT2 + q33 (θ eT − δ ) + q44ηeT2 ≤ 0
2

for all x ∈ Ω .
Similar to [15], the following conditions for the weight parameters are
required to have a negative derivative of the value function:

− k1 + q11 + q22 ≤ 0
−

k2

(22a)

+ q33 ≤ 0

(22b)

γ
− α + q44 ≤ 0

(22c)

and the terminal-state region is defined as follows:
xeT ≥ y eT

(23)

However the hard constraint of the terminal-state region (23) may lead to the
infeasible solution, the slack variable ε is introduced to soften the constraint.
Note that, unlike [15], where the control laws were designed for trajectory
tracking, our proposed controller is used for a path following task.

4. Simulation Results
Our RH scheme incorporated into the path following controller has been
evaluated through the MATLAB simulation. The controller algorithm has been
implemented as follows:
Step 1. Initialize all system parameters
Step 2. Update robot states and path states
Step 3. Use fmincon function to solve the optimization problem (15) with the
following slack variable ( ε ):

(

t +T p

min ∫t
u ( ⋅)

F ( x (t ), u (t )) dτ + V ( x (t + T p )) + ε 2

)

subject to Eqs. (7), (9)-(13), and (23) with the following slack variable ( ε ):

yeT − xeT − ε < 0

ε >0
to obtain vm
Step 4. Use Eqs. (5a) and (5b) to get s& and ωm
Step 5. Go to Step 2, unless the path following task is completed
Journal of Engineering Science and Technology
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Note that fmincon is a function which finds minimum of a constrained nonlinear
multivariable function, also known as constrained nonlinear optimization.
The following eight-shaped curve is selected as a reference path because its
geometrical symmetry and sharp changes in curvature make the test challenging:

xd (t ) = 1.8 sin (0.1t )

(24a)

yd (t ) = 1.2 sin (0.2t )

(24b)

where t is time in case of trajectory tracking, while this reference is numerically
parameterized by the path variable s in case of the path following problem. All the
parameters of our framework are set as follows:
Q = diag(0.1, 1, 0.1, 1), Tc = Tp = 0.15 s, ∆ = 0.05 s,
vd = 0.2 m/s, s(0) = 0 m, θa = π/4 rad,
k1 = 1.1, k2 = 1, γ = 10, α = 1, b = 0.15 m,
vmax = 0.25 m/s, vmin = -0.25 m/s, ωmax = 0.5 rad/s, ωmin = -0.5 rad/s,
w
w
w
w
vmax
= 0.25 m/s, vmin
= -0.25 m/s, amax
= 1 m/s2, a min
= -1 m/s2.

The chosen values in Q result in a relatively large penalty in the states ye and

ηe. This means that if ye or ηe is large, the large values in Q will amplify the effect
of ye and ηe in the optimization problem. For time horizon, the longer Tc and Tp
improve performance but it leads to an increase of online computation. Thus, Tc
and Tp must be chosen to compromise between performance and computation. vd
is our desired forward velocity, while b is a distance from one wheel to the centre
of the robot. θa, k1, k2, γ, and α are chosen to ensure system stability (22) and
system performance. The rest of the parameters are the actuator constraints of the
robot. Note that for visualization the circles in all figures below are snapshots of
robot location at every 2.5 s and the robot trajectories are shown as dashed lines.
Several path following controllers in the literature act only on the angular
velocity, while the forward velocity is a constant. This situation leads to two
problems. One is the control signals become saturated at the sharp turn, resulting in
large lateral errors. The other is the problem of slipping off the path. Thus, in the
first simulation test, we show that our RH scheme can generate a sequence of
forward velocities according to the desired behaviours without constraint violation.
We compare our approach to the work of Soeanto et al. [5]. Although they
developed a nonlinear adaptive control law dealing with vehicle dynamics, most
commercial available robots do not allow the direct control of forces or torques.
Thus, the controller (5a) and (5b) with the kinematic model is implemented for a
comparison purpose. It is important to note that control signals of this controller are
not bounded, leading to impractical implementation. One possibility is to apply the
technique of bounded low-level velocity constraints [16]. A saturation of the
command velocities that preserve the current curvature κ = ωm/vm is performed as

σ = max{vm / vmax , ω m / ω max ,1}

(25)

where the actual command velocity vc and ωc stand for

vc = sign (vm )vmax , ωc = ωm / σ ;

if

σ = vm / vmax
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vc = vm /σ , ω c = sign (ω m )ω max ; if

σ = ω m / ω max

vc = v m , ω c = ω m ;

σ = 1.

if

As seen in Fig. 4(a), even though the path deviations are negligible, this
controller cannot be realized since control signals exceed the input boundaries
(ωmax = 0.5 rad/s), as shown in Fig. 4(b). However, when bounded low-level
velocity techniques are applied, the path deviations are not evitable (see Figs. 5
and 9). As obviously seen in Figs. 6 and 9, our RH scheme can reduce the posture
errors because the robot moves smoothly at lower velocity (see Fig. 7) without
wheel speed and acceleration violation (see Fig. 8) while it is making a sharp
turning. However, it is important to note that an initial posture of the robot should
be close to the reference path in order to avoid infeasible solutions.

(a)

(b)
Fig. 4. The path following results using the controller proposed by
Soeanto et al. [5]: (a) with unbounded control signals,
(b) the velocity profiles corresponding to (a).
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Fig. 5. Path following results using the controller proposed by
Soeanto et al. [5] with bounded low-level velocity techniques.

Fig. 6. Path following results with vd = 0:2 m/s
and Tp = 0.15 s using our RH strategy.

Fig. 7. Comparison results of velocity profiles corresponding to Figs. 5 and 6.
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Fig. 8. Comparison results of left and right
wheel speed corresponding to Figs. 5 and 6.

Fig. 9. Comparison results of robot’s posture errors
corresponding to Figs. 5 and 6.

Journal of Engineering Science and Technology

January 2015, Vol. 10(1)

70

K. Kanjanawanishkul

5. Conclusions and Future Work
In this paper, we explored the path following problem of a mobile robot, where
the objective is to be on the path rather than at a certain point at a specific time.
Even though this problem draws less attention in the literature, it offers some
remarkable advantages over trajectory tracking in some cases.
We applied a receding horizon (RH) scheme to the path following control
proposed by Soeanto et al. [5] to satisfy the following objectives: (i) path
following control with optimal forward velocity and (ii) bounded wheel control
signals. The RH algorithm is used to produce a sequence of forward velocity
along some look-ahead time intervals by taking into account input boundaries and
stability constraints. It predicts the posture of the robot together with knowledge
of an upcoming turning to compensate the control signal, appropriately. As a
result, the mobile robot can turn at sharp corners smoothly. Likewise, the robot
can travel safely at high speed with the full range of wheel speed.
Currently, we are building a real mobile robot which can be used to validate
our control law in real-world environments. In addition, we will extend our
controller to accomplish path following tasks in dynamic environments with static
and moving obstacles.
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